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Abstract. ! Let D be a Dedekind domain with finite residue fields and
F a finite set of maximal ideals of D. Let ro, ..., r, be distinct elements
of D, pairwise incongruent modulo P*? for each P € F, and so, ..., Sn
arbitrary elements of D.

We show that there is an interpolating P*P-congruence preserving integer-
valued polynomial, that is, f € Int(D) = {g € K[z] | g(D) C D} with
f(ri) = s; for 0 <4 < n, such that, moreover, the function f: D — D is
constant modulo P*P on each residue class of PP for all P € F.
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1 Introduction

Let D be a Dedekind domain with finite residue fields, K its quotient field, and
Int(D) = {f € K[z] | f(D) € D}

the ring of integer-valued polynomials on D.

We will show that two different feats that can each be accomplished sep-
arately by integer-valued polynomials, namely, interpolation of arbitrary func-
tions on D, and, representation of arbitrary functions on D/P™, where P" is a
power of a maximal ideal P, can actually be accomplished by one and the same
polynomial, simultaneously.

We recall some well-known facts. First, about interpolation by integer-valued
polynomials: Newton already used polynomials in Int(ZZ) to interpolate func-
tions on ZZ, cf. [1]. More generally, when D is a Dedekind domain with finite
residue fields, then, given ro, ..., 7, € D (distinct) and arbitrary so, ..., s, € D,
we can find f € Int(D) with f(r;) = s; for 0 < i < n [3]. If this holds for a
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domain D, we say that D has the interpolation property. The domains having
the interpolation property have been characterized among Noetherian domains
and among Priifer domains [2], and include, as mentioned, all Dedekind domain
with finite residue fields.

It turned out that the interpolation property is relevant to the question
whether Int(D) is a Priifer domain. If D is Priifer (a necessary condition for
Int(D) to be Priifer) then Int(D) is Priifer if and only if Int(D) has the interpo-
lation property [2].

Second, about the representation of functions on D/I, where I is an ideal of
D: Let f € Int(D). We say that f is I-congruence preserving, if, for all a,b € D,

a=b modl = f(a)=f(b) mod I.

In that case, f induces a well-defined function on D/I by f(a+1I) = f(a)+1. Let
D be a Dedekind domain with finite residue fields. If I is a power of a maximal
ideal of D (and only if I is a power of a maximal ideal), every function on D/I
arises from an I-congruence preserving polynomial in Int(D) in this way. This
was shown for D = ZZ by Skolem [7] (in the “if” direction) and Rédei and Szele
[5,6] (in the “only if” direction), and later generalized to Dedekind domains [4].

If D is a Dedekind domain with finite residue fields, we will show that, given
70, - - -, Tn € D (distinct) and arbitrary so, ..., s, € D, and a finite set of powers
PP of maximal ideals such that the r; are pairwise incongruent modulo each
PkP | we can find a polynomial f € Int(D) with f(r;) = s; for 0 < i < n and
such that

a=b mod P** —  f(a)= f(b) mod P,

for each P*?, ¢f. Thm. 1.

A note on terminology: if R is any ring and f € R[z]| a polynomial, f =
>, ek induces a function by substitution of elements of R for the variable:
7 > cxr® . A function p: R — R thus arising from a polynomial f € R[z] is
called a polynomial function on R.

When R is an infinite domain, then the polynomial f inducing a polynomial
function is uniquely determined by its values on an infinite subset of R. Relying
on this one-to-one correspondence between polynomials and polynomial func-
tions, in the case where R = K is an infinite field, we will not be as pedantic
about the distinction between polynomials and polynomial functions as would
be necessary if we were dealing with finite rings or rings with zero-divisors.

In what follows, when we talk about the function associated to an integer-
valued polynomial f € Int(D), we always mean the function f: D — D (as
opposed to f: K — K).

2 Notation and Definitions

We let IN denote the positive integers (natural numbers) and INg the non-negative
integers. We use “additive” terminology for Lipschitz functions:
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Definition 1. Let R be a commutative ring, f: R — R a function, I an ideal
of R, and n € INg. We say that f is I-adically n-Lipschitz if, for all m € IN and
alla,b € R

a=b mod I = f(a)=f(b) mod I™

When D is a domain, g € Int(D), and I an ideal of D, we will say that
g is I-adically n-Lipschitz if the associated function g: D — D is I-adically
n-Lipschitz.

We summarize some elementary consequences of this definition.

Remark 1. Let R be a commutative ring, f: R — R a function, and I an ideal
of R.

1. I-adically n-Lipschitz implies I-adically N-Lipschitz for all N > n.

2. If f: R — R is a function induced by a polynomial in R[z] by substitution
of the variable, then f is I-adically 0-Lipschitz for all ideals I of R.

3. For fixed I and n, the set of I-adically n-Lipschitz functions on R is closed un-
der addition, subtraction and multiplication and, therefore, forms a subring
of the set of all functions RF.

4. If D is a domain, I an ideal of D and n € INy, then the set of g € Int(D)
that are I-adically n-Lipschitz is a subring of Int(D).

In what follows, D is always a Dedekind domain with quotient field K, and
we always assume D # K. For such a Dedekind domain, we denote by Spec! (D)
the set prime ideals of height one, which coincides with the set of maximal ideals
of D. For P € Spec!' (D), we use v, to denote the normalized discrete valuation
on K associated with P; that is, for d € D\ {0}, vs(d) is the maximal exponent
v such that d € P?, and, for an element of K \ {0} expressed as a fraction a/b
with a,b € D\ {0}, vp(a/b) = vp(a) — vp(D).

Remark 2. Let D a Dedekind domain, f € Int(D), and P a maximal ideal of D.
If we express f as a fraction f = ¢g/d with g € D[x] and d € D\ {0}, we see that
f is P-adically vp(d)-Lipschitz. In particular, if f € Dp[x], then f is P-adically
0-Lipschitz. More generally, if f € Int(D) is expressed as a fraction f = g/d with
g € Dplx] and d € D\ {0}, then, also, f is P-adically v, (d)-Lipschitz.

Note that v,(d), in the above remark, is not necessarily the minimal n for
which f is P-adically n-Lipschitz (not even if d is relatively prime to the content
of g). For instance, when f is a product f = f1... f, with f; = ¢;/d, ¢g; € D[z],
then the denominator of f is d", but f is P-adically vy (d)-Lipschitz, not just
vp(d™)-Lipschitz, by Remark 1 (3).

We use |I| for the norm of an ideal I of D, that is |I| = |D/I|.
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3 P-adic Lipschitz constants of interpolating
integer-valued polynomials

We recall a Lemma from an earlier paper that we will need for the proof of
Lemma 2.

Lemma 1 ([3][Lemma 6.1]). Let v be a discrete valuation on a field K and
R, its valuation ring. Suppose g =3 ,_, dpx® in K|[z] splits over K as

gx)=dp(z—0b1)...(x = bp)(x —c1)...(z — ),

where v(b;) < 0 and v(c;) > 0.
Let p = ming<g<n v(di) and set g, (x) = (x —c1)...(x — ¢;) then, for all
r € Ry,

v(g(r)) = p+v(g.(r)).

Definition 2. For g, m integers with ¢ > 1 and m > 0 define

L(g,m) = -
Lemma 2. Let D be a Dedekind domain with finite residue fields and ao, a1
distinct elements of D. For P € Spec' (D), let mp = vp(a1 — ag).

For any finite set F of mazimal ideals of D there exists f € Int(D) with
fla1) = 0 and f(ao) = 1, and such that f is P-adically L(|P|,mp)-Lipschitz
forall P e F.

Proof. By linear substitution we may assume, w.l.o.g., that ap = 0. Also, we
assume w.l.o.g. that F contains the set

P = {P € Spec’(D) | a; € P} = {P € Spec'(D) | m, > 0}.

The case P = 0 is trivial. Assume P # (). We set Fo = {P € F | mp = 0}; such
that F is the disjoint union of P and Fy.

We will construct a polynomial g € K[z]| with g(a;) = 0, such that for every
essential valuation v of D and every r € D, v(g(r)) > v(g(0)); and then set
1) = 9(x)/9(0).

Let N = maxpep |P|™". Using the Chinese Remainder Theorem modulo
pmeFl for P e F, we produce a sequence (b;)Y | in D with the properties:

1. bl = a1

2. For all P € F, the b; with 1 <i < |P|™" form a complete system of residues
modulo P™7.

3. For all P € F, for all i > |P|™", b; = 1 modulo Pmr+1,

Note that no b; is in P™**! for any P € F, and, in particular, that no b; is
in P for any P € Fo.
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Let P € Pand 1 < k < mp. For any given r € D, the number of b; with
1 <i <|P|™" in the residue class r + P¥ is the same, namely,

W (P) = [P
Note that, therefore, for all P € P and 1 < k < mp,
VreD |{z | vp(r —b;) > k}‘ > vi(P),

with equality holding for all » € D\ (1 + P) (and, actually, for all » € D in the
case where |P|"" = N).

Let @ = {Q € Spec'(D)\P | 3i b; € Q} and for Q € Q let ko = max; v, (b;).
Note that QN F = (.

Let c € D with vg(c) = ko +1forall Q € Q, and c=1 mod P™* ! for all
Pc F. Let @ ={Q € Spec' (D) | vy(c) > 0}. Then Q C Q' and Q' N F = 0.

Let ¢y = aj and for 1 <4 < N let ¢; = ¢~ 'b;. Then, for every P € Specl(D)\
@', and, in particular, for every P € F, (¢;)Y; is a sequence in Dp. Also, for
every maximal ideal @ of D that is neither in @' nor in P, vp(¢;) = 0 for all 4.

We set

N N
g(x) = H(x —a)=(r—a) _H(fr —c'by)

and show that for all essential valuations v of D and all r € D, v(g(r)) > v(g(0)).
First, assume P € P. The sequence (c;)¥; enjoys the same properties with
respect to PDp that the sequence (b;)Y | enjoys with respect to P, namely, those
¢; with 1 <4 < |P|™" form a complete system of residues modulo (PDp)™?
and ¢; = 1 modulo (PDp)™r T for all i > |P|™". Also, no ¢; is in Pmr+1L,
Consequently, for all 7 € D, and 1 < k < mp
i L on(r — i) > kY = [{i | vplr — bi) > kY| > 0 (P).

Let vp == > 15y 7:(P). Then

vP(g(T)) = Z’UP(T —¢) = Z‘{z | vp(r —¢i) > k}| >
k=1

i=1
mp mp
> S i [ ve(r—c) > kY = S| [ vp(r = b) > k}] > 7,
k=1 k=1

while v, (g(0)) =

=D Hilve(e) 2k} =D [{ilvelc) =k} =D [{i | vp(bi) = k}| = 7p.
k=1 k=1 k=1

Now consider @ € Q'. Here vo(c1) = vo(a1) = 0 and, for all i > 1, vo(e;) < 0.
Let dj be the coefficient of ¥ in g and 1 = miny, v, (dy). Using Lemma 1, we
see that for all r € D,

Vo (9(r)) = p+vo(r —a1) > i = p+vo(ar) = ve(9(0).
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For the remaining essential valuations v of D, v(¢;) = 0 for all 4, and, therefore,
for all 7 € D, v(g(r)) = >, v(r —ci) 2 0=, v(c;) = v(g(0)).

Now let f(xz) = g(2)/g(0). Then f(a;) =0, and f(0) = 1. Also, f € Int(D),
because for all 7 € D and every essential valuation v of D, v(g(r)) > v(g(0))
and therefore v(f(r)) > 0.

As for the Lipschitz properties: for those P € Spec'(D) for which v, (c) = 0,
and, in particular, for all P € F, g is in Dp[z]. f is, therefore, P-adically
vp(g(0))-Lipschitz for all P € F by Remark 2.

For P € Fy, vp(g9(0)) = 0 and hence f is P-adically 0-Lipschitz for all P € Fy.

For P € P,

mpfl

« N | pyme—k P
ve(9(0)) =vp =Y _w(P)=)_|P| = > |P| NS

f is, therefore, P-adically [,-Lipschitz for all P € F, for the values of [, stated
in the Lemma.

Corollary 1. Let D be a Dedekind domain with finite residue fields, F a finite
set of maximal ideals, and aq,...,a, distinct elements of D. For each P € F,
let mp > maxi<i<n vp(a; — aop).

Then there exists f € Int(D) with f(a;) =0 for 1 < i <mn, and f(ag) = 1,
and such that f is P-adically L(|P|, mp)-Lipschitz for oll P € F.

Proof. For each 1 < i < n and P € F, let mp(i) = vp(a; — ao) and 1x(i) =
L(|P|,mp()). Let f; € Int(D) with f(a;) = 0 and f(ap) = 1 and such that
fi is P-adically L(|P|,mz(i))-Lipschitz for each P € F. Such an f; exists by
Lemma 2, and it is P-adically L(| P|, mp)-Lipschitz, because mp(i) < mp, and
L(g,m) is an increasing function in m for fixed ¢, and [-Lipschitz implies I’
Lipschitz for all for all I > I. Now set f(z) =[]\, fi(z).

4 Interpolation by congruence-preserving integer-valued
polynomials

Lemma 3. Let D be a Dedekind domain with finite residue fields and ro, ..., ry
distinct elements of D.

Let F be a finite set of mazximal ideals of D. For each P € F, let kp € IN
such that the r; are pairwise incongruent modulo P*? and l, = L(|P|,kp — 1)
as in Definition 2.

Then there exists f € Int(D) such that

1. f(ro) =1 and, for 1 <i<mn, f(r;) =0;
2. for each P € F, for every r € D\ (ro + P*?), f(r) =0 mod P*?;
3. for each P € F, for every r € ro + P*?*P  f(r) =1 mod P*».
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Proof. We will first construct a polynomial fp € Int(D) for each P € F, in
several steps. Fix P € F.

Extend r, ..., r, to a complete set of residues ro, ... sTIP|EP -1 modulo P*?
such that for all i > n and all Q € F \ {P}, r; =71 modulo Q*@*!.

Let C' be a subset of HQ cF Q" containing a complete system of residues of
the residue classes of P¥P+!r contained in P*?, and with 0 € C.

For each 1 < i < [P|*", and ¢ € C, let f; a polynomial in Int(D) with
fic(ro) =1, fic(ri+¢) = 0, and Q-adically l,-Lipschitz for all @ € F, such as we
know to exist by Lemma 2 and its Corollary. Set fi = [ cc fic. Then fi(r;) =0
and f;(ro) = 1. Also, since J o7 + ¢+ Pketle — p, 4 PR and fi(r; +¢) =0
for all ¢ € C, the P-adic Lipschitz property implies that for all » € r; + Pk,
fi(r) = 0 modulo P*?. Likewise, the Lipschitz properties of the polynomials f;.
imply for all Q € F that fi(r) = 1 modulo Q< for all r € 7 + QFetle,

Let fp = H!ﬂkp*l fi- Then fp satisfies

1. fp(ro) =1and fp(r;) =0for 1 <j <mn;
2. fp(r) = 0 modulo P** for r € D\ (rg + P*r);
3. for all Q € F, for all r € 79 + Q*2*!e | fp(r) = 1 modulo Q*<.

Having constructed fp for each P € F, we set f = [[pc» fp, and f has the
desired properties.

Theorem 1. Let D be a Dedekind domain with finite residue fields, ro, ..., ry
distinct elements of D and sg, ..., Sn arbitrary elements of D.

Let F be a finite set of mazximal ideals of D. For each P € F let kp € IN
such that the r; are pairwise incongruent modulo PP

Then there exists f € Int(D) such that

1. f(r;) =s; for 0 <i<n; and
2. for all P € F, for all a,b € D,

a=b mod P** = f(a)=f(b) mod P*r.

Proof. Tt suffices to show, for each index i, the existence of a polynomial h; €
Int(D) such that

1. hz(rz) =1 and hi(Tj) =0 fOI‘j 7§ i,
2. for all P € F, for all r € D\ (r; + P*?), h;(r) =0 mod P*7, and
3. forall P € F, for all » € 7; + P¥? h;(r) =1 mod Pk»,

because, then, the polynomial f = Z?:o sih; does the job.

W.Lo.g., assume ¢ = 0. We construct hg with the help of Lemma 3:

For each Q € F, let lo = L(|Q| , ko — 1).

Let C be a subset of [, Q%@ containing, for each Q € F, a complete
system of residues of the residue classes of Q¥@*!@ contained in Q*?, and with
0eC.

Foreachd € C, ro+d,ry, ...,r, satisfy the premises of Lemma 3. Accordingly,
let f4 € Int(D) such that
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1. fa(ro+d)=1and, for 1 <i<mn, f4(r;) =0;
2. for each P € F, for every r € D\ (ro +d + P*?), fs(r) =0 mod Pkr;
3. for each P € F, for every r € 7o +d + P** %7 f4(r) =1 mod P*».

and set g4 = 1 — fa.
Since 79 + d + P*? = ry + P*P for all P € F and d € C, each g4 satisfies

1. ga(ro +d) =0 and, for 1 <i <n, ga(r;) = 1;
2. for each P € F, for every r € D\ (rg + P¥?), ga(r) =1 mod P*r;
3. for each P € F, for every r € ro + d + P***'7 g,(r) =0 mod P*».

Now, set g = [[4ec 9a-
Considering that, for all P € F, Jyce 0 +d + PErtle — g + PP we see
that the polynomial g = [] ;. ga satisfies

1. g(ro) =0 and, for 1 <i <mn, g(r;) = 1;
2. for each P € F, for every r € D\ (ro + P*?), g(r) =1 mod P*?;
3. for each P € F, for every r € ro + P*7, g(r) =0 mod P*.

Finally, we let hg =1 —g.
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