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ABSTRACT. The ring of dual numbers over a ring R is R[a] = R[z]/(x2), where a denotes = + (z2).
For any finite commutative ring R, we characterize null polynomials and permutation polynomials
on Ra] in terms of the functions induced by their coordinate polynomials (fi,fo € R[z], where
f = f1+ af2) and their formal derivatives on R.
‘We derive explicit formulas for the number of polynomial functions and the number of polynomial
permutations on Zyn [a] for n < p (p prime).
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1. Introduction

Let A be a finite commutative ring. A function F': A — A is called a polynomial function on

A if there exists a polynomial f = > cxz* € A[z] such that F(a) = 3. c¢a” for all a € A. When
k=0 k=0
a polynomial function F is bijective, it is called a polynomial permutation of A, and f is called a

permutation polynomial on A.

Polynomial functions on A form a monoid (F(A),o) with respect to composition. Its group
of units, which we denote by P(A), consists of all polynomial permutations of A. Unless A is a
finite field, not every function on A is a polynomial function and not every permutation of A is a
polynomial permutation. Apart from their intrinsic interest in algebra, polynomial functions on
finite rings have uses in computer science [4}[12].

For any ring R, the ring of dual numbers over R is defined as R[a] = R[x]/(z?), where x is an
indeterminate and « stands for x + (22). Rings of dual numbers are used in coding theory [5}|7].

In this paper, we investigate the polynomial functions and polynomial permutations of rings of
dual numbers over finite rings. Since every finite commutative ring is a direct sum of local rings,
and evaluation of polynomial functions factors through this direct sum decomposition, we may
concentrate on local rings.
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Among other things, we derive explicit formulas for |F(Zyn[a])| and |P(Zyn[a])| where n < p.
Here, as in the remainder of this paper, p is a prime number and, for any natural number m, Z,,
stands for the ring of integers modulo m, that is, Z,, = Z/mZ.

The study of the monoid of polynomial functions and the group of polynomial permutations on
a finite ring R essentially originated with Kempner, who, in 1921, determined their orders in the
case where R is the ring of integers modulo a prime power:

> u(p") > u")
F@Zp) =p="" " and [P(Zp)| = plpP - 1P forn>1, (L)
where p(p¥) is the minimal I € N such that p* divides I!, that is, the minimal [ € N for which

> LP%J > k. (Here |z]| means the largest integer smaller than or equal to z).
j>1

Kempner’s proof has been simplified [15}26}29] and his formulas shown to hold for more general
classes of local rings [3,9,/20] when p is replaced by the order of the residue field and n by the
nilpotency of the maximal ideal. The classes of local rings for which Kempner’s formulas hold
mutatis mutandis have been up to now the only finite local rings (R, M) for which explicit formulas
for | F(R)| and |P(R)| are known. (By explicit formula, we mean one that depends only on readily
apparent parameters of the finite local ring, such as the order of the ring and its residue field, and
the nilpotency of the maximal ideal.)

What all the finite local rings (A, M) for which explicit formulas for |F(A)| and |P(A)| are
known have in common is the following property: If m is the nilpotency of the maximal ideal M
of A, and we denote by w(a) the maximal & < m such that a € M¥, then, for any a,b € A,

w(ab) = min(w(a) + w(b), m),

that is, A allows a kind of truncated discrete valuation, with values in the additive monoid on
{0,1,2,...,m}, whose addition is u ® v = min(u + v, m).

Rings of dual numbers over Zy~, for which we provide explicit formulas for the number of
polynomial functions and the number of polynomial permutations in Theorems and do
not have this property, except for n = 1, see Proposition [2.9

Statements about the number of polynomial functions and polynomial permutations that hold
for any finite commutative ring A are necessarily less explicit in nature than the counting formulas

in Equation (|1.1)) on one hand and Theorems and on the other hand.

Goresos, Horvath and Mészaros [11] provide a formula, valid for any finite local commutative
ring that satisfies the condition M/4/M| = {0}, expressing the number of polynomial permutations
in terms of the cardinalities of the annihilators of the ideals Mj generated by the k-th powers
of elements of the maximal ideal. We will not make use of this formula, however, but prove
our counting formulas from scratch, in a way that yields additional insight into the structure of
the monoid of polynomial functions and the group of polynomial permutations on rings of dual
numbers. Also for any finite local commutative ring A, Jiang [13] has determined the ratio of
|P(A)| to | F(A)], see Remark [5.8|

Chen [6], Wei and Zhang [2728], Liu and Jiang [18], among others [8[22] have generalized facts
about polynomial functions in one variable to several variables. Starting with polynomial functions
over rings of dual numbers, we get a different kind of generalization to several parameters, if we
replace R[a| by Rlai,...,a,] with aya; = 0. The second author has shown that most results of
the present paper carry over to this generalization [2].

Beyond number formulas, some structural results about groups of permutation polynomials on
Zy» are known, due to Nobauer [211[24] and others [10,30].
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In this paper, we derive structural results about F(R[a]) and P(R[a]) by relating them to F(R)
and P(R), and then use these results to prove explicit formulas for |F(Z,~[a])| and |P(Z,»[a])| in
the case n < p.

Here is an outline of the paper. After establishing some notation in Section [2] we characterize
null polynomials on R[«] in Section [3| and permutation polynomials on R[] in Section |4} for any
finite local ring R. Section [5| relates the pointwise stabilizer of R in the group of polynomial
permutations on R[a] to functions induced by the formal derivatives of permutation polynomials.
Section@relates permutation polynomials on Zy» [] to permutation polynomials on Zn. Section
contains counting formulas for the numbers of polynomial functions and polynomial permutations
on Zyn|a] in terms of the order of the pointwise stabilizer of Z,» in the group of polynomial
permutations on Z,n»[a]. Section [§] contains explicit formulas for |F(Z,n[a])| and |P(Z,n[a])| for
n < p. Section |§| gives a canonical representation for polynomial functions on Zy,n»[a] for n < p.
The easy special case where R is a finite field is treated en passant in sections [3] and [4

2. Basics

We recall a few facts about rings of dual numbers and polynomial functions, and establish our
notation. Since we are mostly concerned with polynomials over finite rings, we have to distinguish
carefully between polynomials and the functions induced by them. All rings are assumed to have
a unit element and to be commutative.

Throughout this paper, p always stands for a prime number. We use N for the positive integers
(natural numbers), N = {1,2,3,...}, and Ny = {0,1,2,...} for the non-negative integers.

n .
DEFINITION 2.1. Let R be aring and ag, . .., a, € R. The polynomial f = 3 a;z" € R|[x] defines
i=0
n .
(or induces) a function F': R — R by substitution of the variable: F(r) = > a;r*. A function
i=0
arising from a polynomial in this way is called a polynomial function.

If the polynomial function F: R — R induced by f € R[z] is bijective, then F is called a
polynomial permutation of R and f is called a permutation polynomial on R.

We will frequently consider polynomials with coefficients in Z inducing functions on Z,, for
various m. We put this on a formal footing in the next definition.

DEFINITION 2.2. Let S be a commutative ring, R an S-algebra and f € S|x].

(1) The polynomial f gives rise to a polynomial function on R, by substitution of the variable
with elements of R. We denote this function by [f]g, or just by [f], when R is understood.

(2) In the special case where S =Z and R = Z,,, we write [f],, for [f]z
(3) When [f]r is a permutation on R, we call f a permutation polynomial on R.

(4) If f, g € S[z] such that [f]r = [g]r, we write f =g on R.
Remark 2.3.

m’

(1) Clearly, £ is an equivalence relation on S[z].

(2) When R = S, or R is a homomorphic image of S, the equivalence classes of £ are in bijective
correspondence with the polynomial functions on R.

(3) In particular, when R is finite, the number of different polynomial functions on R equals the
number of equivalence classes of £ on R[z].
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We now introduce the class of rings whose polynomial functions and polynomial permutations
we will investigate.

DEFINITION 2.4. Throughout this paper, if R is a commutative ring, then R[a] denotes the result
of adjoining a with o? = 0 to R; that is, R[a] is R[x]/(2?), where a = x + (2?). The ring R[a] is
called the ring of dual numbers over R.

Remark 2.5. Note that R is canonically embedded as a subring in R[a] via a — a + Oa.

For the convenience of the reader, we summarize some easy facts about the arithmetic of rings
of dual numbers.

PROPOSITION 2.6. Let R be a commutative ring. Then

(1) fora,b,c,d € R, we have
(a) (a+ba)(c+da)=ac+ (ad+ bc)
(b) (a+ba) is a unit of Rla] if and only if a is a unit of R. In this case
(a+ba)t=a"1-a2ba.
(2) Rla] is a local ring if and only if R is a local ring.
(3) If R is a local ring with mazimal ideal m of nilpotency K, then R[a] is a local ring with
mazimal ideal m+aR={a+ba|a€m, b€ R} of nilpotency K + 1.

(4) Let (R,m) be a local ring. The canonical embedding r — r + Oa factors through to an
isomorphism of the residue fields of R and R[a]: R/m = Rla]/(m + a R).

Likewise, we summarize the details of substituting dual numbers for the variable in a polynomial
with coefficients in the ring of dual numbers below.

As usual, f’ denotes the formal derivative of a polynomial f. That is, f' = > kayz*~! for
k=1

n
f=> apak.
k=0

LEMMA 2.7. Let R be a commutative ring, and let a,b € R.
(1) Let f € Rla][z] and fi1, f2 € R[z] be the unique polynomials in R[z] such that f = f1 + o fa.
Then
flat+ba) = fi(a) + (bfi(a) + fa(a)) .
(2) In the special case when f € R[z], we get

flat+ba) = f(a)+bf'(a)or.

As a consequence of the above lemma, we obtain a necessary condition for a function on R[]
to be a polynomial function.

COROLLARY 2.8. Let F': Rla] — R[a] such that F(a+ba) = ¢ p) +d(a,p) @ With c(qp), d@ap) € R.
If F is a polynomial function on Rla], then c(, ) depends only on a, that is, c(qp)y = C(ap,) for all
a,b,b; € R.

The last proposition of this section goes to show that rings of dual numbers over Z,» (n > 1)
are a class of local rings for which no explicit formulas for the number of polynomial functions
existed previously. By an explicit formula we mean a formula depending only on the order of the
residue field and the nilpotency of the maximal ideal.

PROPOSITION 2.9. For a finite local ring R with maximal ideal m of nilpotency K, consider the
following condition:
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“For all a,b € R and all k € N, whenever ab € m*, it follows that a € m* and b € mJ for
i,j € Ng with i +j > min(K, k).”

Then R = Zyn|o] satisfies the condition if and only if n = 1.
Proof. Since Zy~ is alocal ring with maximal ideal (p), Zy»[c] is a local ring with maximal ideal

m={ap+ba|abe& Zy}and K = n+ 1 by Proposition If n = 1, then the result easily
follows since m? = (0). If n > 2, then K =n+ 1 > 2, and o =0 € m"*! but @ € m ~ m?. O

Local rings satisfying the condition of Proposition have been called suitable in a previous
paper by the third author |9]. Previously known explicit formulas for the number of polynomial
functions and the number of polynomial permutations on a finite local ring (R, M) all concern
suitable rings and are the same as Kempner’s formulas for R = Zyn, except that p is replaced
by ¢ = |R/M| and n by the nilpotency of M. The previous proposition shows that, whenever
n > 1, Zyn|a] is not a “suitable” ring.

3. Null polynomials on R[q/]

When one sets out to count the polynomial functions on a finite ring A, one is lead to studying
the ideal of so called null-polynomials — polynomials in A[z] that induce the zero-function on A—,
because residue classes of Alx] modulo this ideal correspond bijectively to polynomial functions

on A.

In this section, we study null-polynomials for rings of dual numbers A = R[a] as defined in the
previous section (Definition . We relate polynomial functions on R[«] (induced by polynomials
in R[a][z]) to polynomial functions induced on R[a] by polynomials in R[z], and further to pairs
of polynomial functions on R arising from polynomials in R[z] and their formal derivatives.

DEFINITION 3.1. Let R be a commutative ring and A an R-algebra, and notation as in Defi-
nition A polynomial f € R[z] is called a null polynomial on A if [f]4 is the constant zero
function, which we denote by f20 on A.

We define N and Ny, as

(1) Np={f € Rla] | 20 on R}

(2) Np={f€R[z]| f£0on R and f'2£0 on R}.
Remark 3.2. Clearly, Np, N, are ideals of R[z], and we have |F(R)| = [R[z] : Ng].
Example 3.3. Let R =TF, be the finite field of ¢ elements. Then

(1) Nr, = (29 — 2)Fy[x]

(2) Nf, = (a9 — 2)°F,[a]

(3) [Fyfa] : NZ,] = 2.
To see (2), let g € Ng . Then clearly, g(x) = h(z)(z? — x). Hence

g'(x) = h(z)(gz?™" — 1) + W' (2) (27 — z) = h'(2)(2? — x) - h(=),

and so 02 ¢’ £ —h on F,. Thus h is a null polynomial on F,, and hence divisible by (27 — z).

By means of the ideal N, we will reduce questions about polynomials with coefficients in R[]
to questions about polynomials with coefficients in R, as exemplified in Proposition below.
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LEMMA 3.4. Let f € R[z]. Then

(1) f is a null polynomial on R[a] if and only if both f and f' are null polynomials on R

(2) af is a null polynomial on R[c] if and only if f is a null polynomial on R.
Proof. Ad (1). By Lemma for every a,b € R, f(a +ba) = f(a) + bf'(a)a. Thus by
Definition f being a null polynomial on R[a] is equivalent to f(a) + bf’(a)a = 0 for all
a,b € R. This is equivalent to f(a) =0 and bf’(a) = 0 for all a,b € R. Setting b = 1, we see that

f(a) =0 and f'(a) =0 for all @ € R. Hence f and f’ are null polynomials on R.
Statement (2) follows from Lemma O

THEOREM 3.5. Let f € Rla][z], written as f = f1 + a fo with f1, fo € R[x].

f is a null polynomial on R[] if and only if f1, fi, and fo are null polynomials on R.
Proof. By Lemmal[2.7 for all a,b € R,
fla+ba) = fi(a) + (bfi(a) + f2(a)) .

This implies the “if” direction. To see “only if”, suppose that f is a null polynomial on R|a].
Then, for all a,b € R,

fi(a) + (bfi(a) + f2(a)) o = 0.
Clearly, fi is a null polynomial on R. Substituting 0 for b yields that f; is a null polynomial on R
and substituting 1 for b yields that f] is a null polynomial on R. (]

Combining Lemma [3.4] with Theorem [3.5] gives the following criterion.
COROLLARY 3.6. Let f € R[a][z], written as [ = f1 + « fo with f1, f2 € R[x].

f s a null polynomial on R[] if and only if f1 and o fo are null polynomials on R|a].

Also from Theorem we obtain a criterion that we will frequently use when two polynomials
induce the same polynomial function on the ring of dual numbers.

COROLLARY 3.7. Let f = fi1 +a fy and g = g1 + a g2, with f1, f2,91,92 € R[z].
f =g on R[a] if and only if the following three conditions hold:

In other words, f= g on Rla] if and only if the following two congruences hold:
(1) fi =g1 mod Np
(2) fo =go mod Ng.

We use this criterion to exhibit a polynomial with coefficients in R that induces the zero function
on R, but not on R|a].

Exzample 3.8. Let R = Z,» and n < p. Then the polynomial (z? — z)" is a null polynomial on
R, but not on R[a]. Likewise, x + (2P — )™ induces the identity function on R, but not on R|a].

To see that x 2 + (2P — z)" on R[a], we use Corollary Note that
(x+ (2P —2)") =1+ n@? —z)" Y pa?™' —1) # 1 = 2’ mod Ng.

Hence « # = + (2P — )" mod Ny, although 2 = 2 + (2 — z)” mod Ng.
In a more positive vein, Corollary |3.7| implies that = x + (2P — )" o on R[a].
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Remark 3.9. Let R be a finite commutative ring and f1, fo € R[z]. Then
[f1 +afolria) = ([fi]rs [filR), [f2]R)

establishes a well-defined bijection
¢: F(R[a]) = {(G,H) € F(R) x F(R) | 3g € R|z] with G = [g] and H = [¢]} x F(R)

between polynomial functions on R[] on one hand, and triples of polynomial functions on R such
that the first two entries arise from a polynomial and its derivative, on the other hand.
This mapping is well-defined and injective by Corollary and it is clearly onto.

PROPOSITION 3.10. Let R be a finite commutative ring, and let Nr and Ny be the ideals of
Definition , Then the number of polynomial functions on R[a] is

|F(R[o])| = [R[z] : Ng] [R[z] : Ng].
Moreover, the factors on the right have the following interpretations.
(1) [R[z] : Np] is the number of pairs of functions (F,E) with F: R — R, E: R — R, arising as
(If1,[f']) for some f € Rlz].

[R[x] : Ng] is also the number of functions induced on R[a] by polynomials in Rx].
[

(2) [R[z
Rz

®3)
Proof. Everything follows from Theorem In detail, consider the map ¢ defined by
¢: Rlz] x R[z] = F(R[a]), @(f1,f2) = [f1 +afa,

where [f1 + « f2] is the function induced on R[a] by f = f1 4+« fa. Since every polynomial function
on R[a] is induced by a polynomial f = f| + « fo with fi, fo € R[z], ¢ is onto. Clearly, ¢ is a
homomorphism of the additive groups on each side. By Theorem ker¢ = N}, x Ng. Hence,
by the first isomorphism theorem,

¢: Rlx|/Ng x Rlz]/Nr — F(R[a])
defined by @(f1 + Nj, fo + Nr) = [f1 + a fa] is a well defined group isomorphism.
Likewise, for (1) let
A={(F,E) € F(R) x F(R) | 3f € R[z] with [f] = F and [f'] = E},
and define ¢: R[z] — A by ¥(f) = ([flr, [f']r)- Then ¢ is a group epimorphism with ker¢ = Np,
and hence [R[z] : Nj] = |A].
Finally, (2) follows from Corollary and (3) is obvious. O

| : Ng] is the number of polynomial functions on R.

Proposition reduces the question of counting polynomial functions on R[a] to determining
[R[x] : Ng] and [R[z] : N], that is, to counting polynomial functions on R and pairs of polynomial
functions on R induced by a polynomial and its derivative. This will allow us to give explicit
formulas for |F(R[a])| in the case where R = Z,» with n < p in Section

The simple case where R is a finite field we can settle right away by recalling from Example [3.3
that Ng, = (29 — )F,[z] and Np = (27 — z)*F,[z] and hence [F,[z] : Ng, ] = ¢*? and [F,[z] :
N]Fq] =dq.

COROLLARY 3.11. Let F, be a field with q elements. Then |F(F,la])| = ¢34.

The remainder of this section is devoted to null polynomials of minimal degree and canonical
representations of polynomial functions on R[a] that can be derived from them.
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PROPOSITION 3.12. Let hy € R[a][z] and he € R[z] be monic null polynomials on R[a] and R,
respectively, with deghy = dy and deg he = ds.

Then every polynomial function F: R[a] — R[a] is induced by a polynomial f = f1 + fo o with
f1, f2 € R[z] such that deg f1 < di and deg fo < min(dy,ds).

In the special case where F' is induced by a polynomial f € R[z] and, also, hy is in R[x], there
exists a polynomial g € R[z] with degg < dv, such that [g|r = [flr and [¢'|r = [f']r-

Proof. Let g € R[a][z] be a polynomial that induces F'. By division with remainder by hi, we
get g(z) = q(x)hi(x) + r(z) for some r,q € R[a][z], where degr < dy and r(z) induces F.

We represent r as r = r; + ary with ri,r0 € R[z]. Clearly, degry,degrs < dy. If do < dy,
then, we divide r5 by ho with remainder in R[x] and get fo € R[x] with deg fo < d2 and such that
fo2ry on R.

By Corollary ary=a fy on R[a] and hence, f =71 + a f has the desired properties.

In the special case, the existence of g € R[z] with deg g < d; such that f= g on R[a] follows by
a similar argument. By Corollary l9]r = [f]lr and [¢'|r = [['] - O
In what follows, let m,n be positive integers such that m > 1 and p a prime.

DEFINITION 3.13. For m € N let u(m) denote the smallest positive integer k such that m divides
k!. The function u: N — N was introduced by Kempner [16].

When n < p, clearly pu(p™) = np. We use this fact frequently, explicitly and sometimes implicitly.

Remark 3.14. It is easy to see that m divides the product of any p(m) consecutive integers.
As Kempner [17] remarked, it follows that for any ¢ € Z,

pw(m)—1

(x_c)p,(m) = H (x—c—j)

j=0
is a null polynomial on Z,,.
THEOREM 3.15. Let m > 1. Then
(1) (2)2u(m) is a null polynomial on Z,[c/]

(2) ((®)u(m))? is a null polynomial on Zuy,[a].

Proof. Set f(x) = (¢)2u(m). In view of Lemma we must show that f and f’ are null polyno-

2pu(m)—1
mials on Z,,. Clearly, f is a null polynomial on Z,,. Now consider f'(z) = Y. (m)j% Each
i=0
torm @2 i divisible by a polynomial of the form | [] ). Thus @2sem 5 5yl
erm —2* is divisible by a polynomial of the form Ho (x —c—7). us — 7 is a nu
j=
polynomial on Z,, by Remark Hence f’ is a null polynomial on Z,,. The proof of the second
statement is similar. O

In the case when m = p", (),(p») is a null polynomial on Z,n [a]. When n < p, this says (2)2,,
is a null polynomial on Z,~[a], but in this case more is true, namely, (z),pn)4p = (Z)(ng1)p IS a
null polynomial on Zyn[a].

PROPOSITION 3.16. Let n < p. Then (z)m1)p is a null polynomial on Zyn[c].
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Proof. Since n < p, we have u(p™) = np. Set f(x) = (z),(pr)+p- Then clearly, f is a null
polynomial on Z,». We represent f(z) as a product of n + 1 polynomials, each of which has p
consecutive integers as roots and is, therefore, a null-polynomial modulo p:

n (I+1)p—1
Doy =] T
1=0 k=lp
(n+1)p—1 (@) (@)
Now regarding f/(x) = —ntle it becomes apparent that each term ~—22 s divisi-
i=0

p—1
ble by a product of n different polynomials of the form [] (z —c¢—j). Hence the claim follows. O
§=0
Combining Theorem with Proposition and Remark we obtain the following
corollary, which will be needed to establish a canonical form for a polynomial representation of a
polynomial function on Zyn [ for n < p (see Theorems and .

COROLLARY 3.17. Let F': Z,,[a] — Zy|] be a polynomial function. Then F can be represented
as a polynomial f € Zp|a][z] with deg f < 2u(m) — 1. Moreover, f can be chosen such that

f=fi+ foa, with f1, fo € Zp|x], deg f1 < 2u(m) — 1 and deg fo < u(m) — 1.

When R = F, is a finite field, we have already remarked in Corollary that the number
of polynomial functions on F,[a] is ¢?. We can make this more explicit by giving a canonical
representation for the different polynomial functions on F,[a].

COROLLARY 3.18. Let IF, be a finite field with q elements. Every polynomial function F: Fyla] —
F,la] can be represented uniquely as a polynomial
2q—1

Z a;z’ + Zb ) a fora;, b; € Fy. (3.1)

Proof. We note that the polynomials (¢ — z)? and (29 — z) satisfy the conditions of Proposi-
tion Thus every polynomial function on Fg4[a] is represented by a polynomial as in Equa-
tion .
Since there are exactly ¢3¢ different polynomials of the form and also, by Corollary
¢3¢ different polynomial functions on F,[a], every polynomial function is represented uniquely.
We can also show uniqueness directly, without using Corollary [3.11] by demonstrating that every

expression of type (3.1)) representing the zero function is the zero polynomial. Let f € F,[a][z] be
2q—1
a null polynomial on Fy[e] with f(z) = Z a;rt + Z bjzl o

2q—1
Then Y a;x® € Ng, and Z bjz! € Np, by Theorem Recalling from Example that

=0 3=0
Ng, = (21 —2)?Fy[z] and Ny, = (29 — 2)Fy[z], we see that a; = 0 for i =0,...,2¢ —1; and b; =0
for j=0,...,q—1. O

4. Permutation polynomials on R|a]

We know direct our attention to permutation polynomials on R[a], where Ra] is the ring of
dual numbers over a finite commutative ring R (defined in Definition [2.4). As in the previous
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section, we first relate properties of polynomials in R[a][x] to properties of polynomials in R[x],
about which more may be known.

THEOREM 4.1. Let R be a commutative ring. Let f = fi1 + a fa, where f1, fo € R[z]. Then f is a
permutation polynomial on R[a] if and only if the following conditions hold:

(1) f1 is a permutation polynomial on R
(2) for alla € R, fi(a) is a unit of R.

Proof. (=) To see (1), let ¢ € R. Since f is a permutation polynomial on R[a], there exist
a,b € R such that ¢ = f(a + ba), that is, ¢ = fi(a) + (bfi(a) + f2(a)) a (by Lemma [2.7). In
particular, fi(a) = ¢, and, therefore, [f1]r is onto and hence a permutation of R.

To see (2), let a € R and suppose that f(a) is not a unit of R. R being finite, it follows that
fi(a) is a zerodivisor of R. Let b € R, b # 0, such that bf](a) = 0. Then

fla+ba)= fi(a) + (bfi(a) + f2(a) a = fi(a) + fo(a) o = f(a).

So f is not one-to-one; a contradiction.

(<) Assume (1) and (2) hold. It suffices to show that [f]g[y) is one-to-one. Let a,b,c,d € R
such that f(a+ba) = f(c+ da), that is,

fi(a) + (bfi(a) + fa(a)) a = fi(e) + (dfi(c) + fa(c)) .

Then fi(a) = f1(c) and hence a = ¢, by (1). Furthermore, bf{(a) = dfi(a), and, since f](a) is not
a zerodivisor, b = d follows. ([l

The special case of polynomials with coefficients in R is so important that we state it separately.

We call a function on R that maps every element of R to a unit of R a wunit-valued function
on R.

COROLLARY 4.2. Let R be a commutative ring and f € R[z]. Then [ is a permutation polynomial
on R[a] if and only if the following two conditions hold:
(1) [f]r is a permutation of R
(2) [f'r is unit-valued.
Theorem [4.1| shows that whether f = f1 + « fa € R[a][z] is a permutation polynomial on R[]

depends only on f;. In particular, fi; + a fs is a permutation polynomial on R[a] if and only if
f1+ «-0 is a permutation polynomial on R[a]. We rephrase the last remark as a corollary.

COROLLARY 4.3. Let R be a finite ring. Let [ = f1 + « fo, where f1, fo € Rlx]. Then f is a
permutation polynomial on R[c] if and only if f1 is a permutation polynomial on R[a].

COROLLARY 4.4. Let R be a finite ring and R* the group of units on R. Let B denote the number
of pairs of functions (H,G) with

H: R — R bijective and G: R— R*
that occur as (|g],[g']) for some g € R[x]. Then the number |P(R[a])| of polynomial permutations
on Rla] is equal to
[P(R[e])| = B - |F(R)|.
Proof. By Corollary [3.7] and Remark
[f1 + afolra) = (AR, [fi]R: [f2]R)

is a bijection between F(R[a]) and triples of polynomial functions on R such that the first two
entries of the triple arise from one polynomial and its derivative.
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By Theorem the restriction of this bijection to P(R[a]) is surjective onto the set of those
triples ([f1]g, [fi]r, [f2]r) such that [f1]r is bijective and [f{]r takes values in R*. O

We now introduce a subgroup of the group of polynomial permutations of a ring of dual numbers
that will play an important role in determining the order of the group.

DEFINITION 4.5. Let
Sto(R) = {F € P(R|a]) | F(a) = a for every a € R}.
Sto(R), which is clearly a subgroup of P(R][a]), is called the pointwise stabilizer (or shortly the
stabilizer) of R in the group P(Ra]).
PROPOSITION 4.6. Let R be a finite commutative ring. Then
Sto(R) = {F € P(R[a]) | F is induced by = + h(x), for some h € Ng}.

In particular, every element of the stabilizer of R can be realized by a polynomial in R|x].

Proof. It is clear that

Sto(R) 2 {F € P(R|a]) | F is induced by x + h(zx), for some h € Ny}.
Now, let F' € P(R[«]) such that F(a) = a for every a € R. Then F is represented by f1 + f2 a,
where f1, fa € R[x], and a = F(a) = f1(a) 4+ f2(a) « for every a € R. Tt follows that fa(a) =0
for every a € R, i.e., f is a null polynomial on R. Thus, f; + foa2 f; on R[a] by Lemma

that is, F' is represented by fi. Therefore, [fi]gr = idg (since F is the identity on R) and, so,
fi(z) =z + h(zx) for some h € R[z] that is a null polynomial on R. O

Remark 4.7. To prevent confusion about the expression for the stabilizer group in Proposition [£.6]
we emphasize that, in general, not every polynomial of the form x + h with A € Ny induces a
polynomial permutation of R[«], as the following example shows.

Example 4.8. Let R = F,. Consider the polynomial (z? — x) € Ng,. Then the polynomial
f(z) = 2+ (2?2 — z) = 27 induces the identity on F,, but f is not a permutation polynomial on
F,lal, since f(a) = f(0) = 0. Thus f does not induce an element of St (F,).

The remainder of this section is concerned with polynomial permutations of the ring of dual
numbers in the simple case where the base ring is a finite field. We already determined the number
of polynomial functions on the dual ring over a finite field (see Corollary . The number of
polynomial permutations now follows readily from Corollary [I.4] since every pair of functions on
a finite field arises as the pair of functions induced by a polynomial and its derivative.

LEMMA 4.9. Let F; be a finite field with q elements. Then for all functions F,G: F, — F, there
exists a polynomial f € Fylx] such that

(Fa G) - ([f]v [f/]) and deg f < 2q.
Proof. Let fo, f1 € Fy[z] such that [fo] = F and [f1] = G and set

f@) = folx) + (folz) — fr(2))(a? — x).
Then [f] = [fo] = F and [f'] = [f1] = G. Moreover, by division with remainder by (z9 — z), we
can find fy, f1 such that deg fy,deg f1 < gq. ]

PROPOSITION 4.10. Let F, be a finite field with q elements. The number |P(F4[a])| of polynomial
permutations on Fyla] is given by

[P(Fqla])] = q(q — 1)%¢".
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Proof. Let B be the set of pairs of functions (H, G) such that
H:F, — F, bijective and G:F, — F,~ {0}.

Clearly, |B| = q!(q — 1)?. By Lemma [1.9] each (H,G) € B arises as ([f],[f']) for some f € Fy[z].
Thus by Corollary [£.4] |P(Fy[a])| = |B] - |F(Fq)| = q!(q — 1)7¢7. O

When R is a finite field, then, as we have seen, we do not need the stabilizer group to deter-
mine the number of polynomial permutations on the ring of dual numbers. We will nevertheless
investigate this group, starting with its order, for comparison purposes, and because it yields some
information on the structure of P(F,[a]).

THEOREM 4.11. Let F, be a finite a field with q elements. Then
(1) [Sta(Fo)|l = KIS ']r, | £ € Fola], [flr, =idr, and [f']r, is unit-valued}]|
(2) |Sta(Fy)| = {[f']k, | f € Fylz], [flr, = idr,, deg f < 2q and [f']r, is unit-valued}|
(3) [Sta(Fy)| = (¢ —1)7.

Proof. Tosee (1), set A= {[f']r, | f € Fglz], [flr, = idr, and [f']r, is unit-valued}. We define
a bijection ¢ from St,(F,) to A. Given F' € St,(FF,), there exists a polynomial f € F,[z] inducing
F on Fy[a] such that [f]r, = idp, by Deﬁnition By Theorem [f']E, is unit-valued. We set
©(F) = [f']r,. Corollary shows that ¢ is well-defined and injective, and Theorem shows
that it is surjective.

(2) follows from (1) and Lemma Ad (3). By (1), |[Sta(Fy)| < HG: Fy — Fy} = (¢ — 1)%.
Now consider a function G: F, — F;. By Lemma there exists a polynomial h € Fy[x] such
that [h]r, = idg, and [h/][r, = G. Thus h represents an element of St,(FF,), and G maps to this
element under the bijection ¢ in the proof of (1). Hence |St,(Fy)| > (¢ — 1)7. O

The equalities of Theorem |4.11] actually come from a group isomorphism, as the second author
has shown [1]. By Proposition and Theorem [4.11} we immediately see the special case for
finite fields of a more general result that we will show in the next section (see Theorem [5.7)).

COROLLARY 4.12. The number |P(F4[a])| of polynomial permutations on Fyla] is given by
[P (Fqla])] = [P(Fy)[|F (Fg)[[Sta(Fy)].

5. The stabilizer of R
in the group of polynomial permutations of R[«]

In this section we express the numbers of polynomial functions and polynomial permutations
on R[a] in terms of the order of St,(R), the stabilizer of R, that is, the group of those polynomial
permutations of R[a] that fix R pointwise. The group of those polynomial permutations of R[«]
that can be realized by polynomials with coefficients in R will play a role, as it contains the
stabilizer.

NOTATION 5.1. Let Pr(R[a]) = {F € P(R[a]) | F = [f] for some f € R[x]}.

Remark 5.2. Proposition shows that the elements of St, (R), a priori induced by polynomials
in R[a][z], can be realized by polynomials in R[x], that is,

Sto(R) C Pr(R[a)).
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The following well-known, useful characterization of permutation polynomials on finite local
rings has been shown by Nobauer [23: section III, statement 6, p. 335] (also for several variables |23}
Theorem 2.3]). It is implicitly shown in the proof of a different result in McDonalds’s monograph
on finite rings [19: pp. 269-272], and explicitly in a paper of Nechaev [20: Theorem 3].

LEMMA 5.3 (|23} Theorem. 2.3]). Let R be a finite local ring, not a field, M its mazimal ideal,
and f € Rx].
Then f is a permutation polynomial on R if and only if the following conditions hold:
(1) f is a permutation polynomial on R/M
(2) foralla€e R, f'(a) #0 mod M.

LEMMA 5.4. Let R be a finite commutative ring and F' € P(R). Then there exists a polynomial
f € Rlx] such that [f]lr = F and f'(r) is a unit of R for every r € R.

Proof. Since every finite commutative ring is a direct sum of local rings, we may assume R local.
When R is a finite field, the statement follows from Lemma[£.9] while, when R is a finite local ring
but not a field, it follows from Lemma,|5.3] O

LEMMA 5.5. Pgr(R[a]) is a subgroup of P(R[a]); and the map
¢: Pr(R[a]) = P(R) defined by F FlR (the restriction of F to R)

is a group epimorphism with ker p = St (R). In particular,
(1) every element of P(R) occurs as the restriction to R of some F € Pr(R[a])
(2) Pr(R[a]) contains Sty (R) as a normal subgroup and

Pr(Rla]) /g1, (R) = P(R).

Proof. Pgr(R[a]) is a finite subset of P(R) that is closed under composition, and hence a sub-
group of P(R). Polynomial permutations of R[«] induced by polynomials in R[x] map R to itself
bijectively. The map ¢ is therefore well defined, and clearly a homomorphism with respect to
composition of functions.

Ad (1) This is evident from Theorem and Lemma

Ad (2) Sta(R) is contained in Pr(R[a]), by Proposition Sto(R), the pointwise stabilizer of
R in P(R[a]) is, therefore, equal to the pointwise stabilizer of R in Pr(R[a]), which is the kernel
of ¢. O

Recall that a function on R is unit-valued if it maps R into, R*, the group of units on R.
COROLLARY 5.6. For any fized F € P(R),
1Sta(R)| = {([f]r: [f'lr) | f € Rlz],  [flr =F, and [f'|r is unit-valued}|.

Proof. Let f € R[z] such that [f]g = F and [f']g is unit-valued. Such a polynomial f exists by
Lemma By Corollary f induces a permutation of R[a], which we denote by [f].

Let C be the coset of [f] with respect to Sto(R). Then |C| = |Sto(R)|. By Lemmal[5.5 (2), C
consists precisely of those polynomial permutations G € Pr(R[a]) with G |R =F.

A bijection 1 between C' on one hand and the set of pairs ([g]r, [¢'|r), where g € R[z] such
that [g]g = F and [¢'|g is unit-valued on the other hand is given by ¥(G) = ([9]r, [¢']r), Where
g is any polynomial in R[x] which induces G on R[a]. The map ) is well-defined and injective by
Corollary [3.7] and onto by Corollary [£.2] O
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THEOREM 5.7. Let R be a finite local ring. Then
[P(Rla])] = |F(R)| - [P(R)| - |Sta(R)].
Proof. Set
B ={([fIr:[f'lr) | f € Rlz], [flr € P(R) and [f'] is unit-valued}.
By Corollary [5.6] |B| = [P(R)| - [Sta(R)|.
We define a function ¥: P(R[a]) — B x F(R) as follows: if G € P(R|a]) is induced by g = g1 +

o go, where g1, g2 € R[z], we let (G) = (([g1] g, [91]r), [92] ). By Theorem and Corollary [3.7]
1) is well-defined and one-to-one. The surjectivity of ¢ follows by Theorem Therefore,

IP(Rla])| = |B x F(R)| = [P(R)| - |Sta(R)| - |[F(R)]. O
Remark 5.8. Let R be a finite local ring which is not a field, M the maximal ideal of R, and

q = |R/M]|. Jiang [13] has shown the following relation between the number of polynomial functions
and the number of polynomial permutations on R:

PR = = |F(R)L
COROLLARY 5.9. Let R be a finite local ring which is not a field. Then
F(Rla)| = |F(R)E - [Sta(R)].
Proof. The residue fields of R and R[a] are isomorphic by Proposition (4). Let g denote the

order of this residue field. By Theorem |P(R[a])] = |F(R)| - |P(R)| - |Sta(R)|. Now apply
Remark [5.8/ to P(R[a]) and P(R) simultaneously and cancel. 0O

6. Permutation polynomials on 7Z,,[a]

In this section we characterize permutation polynomials on Z,»[a] in relation to permutation
polynomials on Zn.

LEMMA 6.1 (|25} Hilfssatz 8]). Let n > 1, and f € Z[x]. Then f is a permutation polynomial on
Zpn if and only if the following conditions hold:

(1) f is a permutation polynomial on Z,

(2) forallaeZ, f'(a) Z0 (mod p).

We now apply the principle of Lemma [6.1] to Theorem [{.1] and Corollary [£.3]in the special case
where R = Zyn.

THEOREM 6.2. Let f € Z[alz]|, f = f1 + afs with f1, fo € Z[z]. Then the following statements
are equivalent:
foralln>1

for somen >1

(1) f is a permutation polynomial on Zyn|a

2) f is a permutation polynomial on Zyn [«
1 i a permutation polynomial on Zyn || for alln > 1

1 95 a permutation polynomial on Zyn[a] for some n > 1

1 is a permutation polynomial on Zyn for all n > 1

)
)
) f

4) f
) f1 is a permutation polynomial on Z, and for all a € Z, f{(a) £ 0 (mod p)
) f
) f

1 18 a permutation polynomial on Zy~ for some n > 1.
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Proof. By Corollary (1) is equivalent to (3), and (2) is equivalent to (4). By Lemma[6.1] the
statements (5), (6) and (7) are equivalent.

By Theorem (1) is equivalent to (6) together with the fact that fi(a) # 0 (mod p) for any
a € Z. But Lemma shows that the condition on the derivative of f; is redundant. Therefore,
(1) is equivalent to (6).

(1) implies (2) a fortiori. Finally, taking into account the fact that a permutation polynomial
on Zy» is also a permutation polynomial on Z,, Theorem shows that (2) implies (5). O

The special case f = fi1 yields the following corollary.

COROLLARY 6.3. Let f € Z[z]. Then the following statements are equivalent:

(1) f is a permutation polynomial on Zyn[a] for allm > 1

f is a permutation polynomial on Zyn[a] for some n > 1

f is a permutation polynomial on Z, and for all a € Z, f'(a) #0 (mod p)
f is a permutation polynomial on Zyn for all n > 1

f is a permutation polynomial on Zy~ for somen > 1.

We exploit the equivalence of being a permutation polynomial on Z,n [a] and being a permutation
polynomial on Z,» (only valid for n > 1) in the following corollary, always keeping in mind that
being a null-polynomial on Z,» is not equivalent to being a null-polynomial on Z,» [a].

COROLLARY 6.4. Let n > 1, and f,g € Zx].

(1) If f is a permutation polynomial on Zy» and g a null polynomial on Zyn then f + g is a
permutation polynomial on Zyn[a].

(2) In particular, if g is a null-polynomial on Zyn, x© + g induces an element of Sto(Zyn).

Proof. Ad (1). Set h = f +g. Then [h]p» = [f]p» and h is, therefore, a permutation polynomial

on Zyn. Since n > 1, Corollary applies and h(z) is a permutation polynomial on Z,»[a]. Now
(2) follows from (1) and Definition O

The following example illustrates the necessity of the condition n > 1 in Theorem (7) and
Corollary

Ezample 6.5. Consider the polynomials f(z) = (p — 1)z and g(z) = (p — 1)(z? — x). Clearly, f
is a permutation polynomial on both Z, and Z,[«], while g(z) is a null polynomial on Z,. Now,
h(z) = f(x)+g(z) = (p—1)aP permutes the elements of Z,, but h is not a permutation polynomial
on Zylal, as h(a) = h(0) = 0.

We can apply the Chinese Remainder Theorem to Theorem and Corollary to obtain
statements about permutation polynomials on Z,,[«a].

THEOREM 6.6. Let f = fi+a« fo with f1, fo € Z[x]. Then [ is a permutation polynomial on Z,[a]
if and only if for every prime p dividing m, f1 is a permutation polynomial on Z, and f{ has no
zero modulo p.

COROLLARY 6.7. Let m = pi* ---py*, where py,...,py are distinct primes and n; > 1 for j =
1,...,k. Let f,g € Zlx]. If f is a permutation polynomial on Z,, and g a null polynomial on Zn,
then f + g is a permutation polynomial on Zy,[c]. In particular, for every null polynomial g on
Lo, x + g induces an element of Sty (Zy,).
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7. The stabilizer of Z,»
in the group of polynomial permutations of Z,.[«]

Recall from Definition that St,(Z.,) denotes the pointwise stabilizer of Z,, in the group
of polynomial permutations on Z,,[a]. We have seen in Theorem the importance of this
subgroup for counting polynomial functions and polynomial permutations on Z,[«]. The somewhat
technical results on St (Z,,) that we develop in this section will allow us to determine its order
and, from that, to derive explicit formulas for the number of polynomial functions polynomial and
permutations on Zyn[a] for n < p in Section

We have already defined the ideal of null-polynomials and the ideal of polynomials that are null
together with their first derivative in Section (Deﬁnition. For counting purposes, we now pay
special attention to the degrees of the polynomials inducing the null function. We are interested
in the case of R = Z,» for n > 1 (finite fields having been covered already).

DEFINITION 7.1. Let
Nz, (< k) ={f € Zn[z] | f € Ng,, and deg f <k},
Ny (<k)={f €Znlz]| f € Nj, and degf < k}.

Recall from Definition that [f]m, short for [f]z
by f on Z,,.

denotes the polynomial function induced

m 7

PROPOSITION 7.2. Let m = pi*---p", where py,...,p; are distinct primes and suppose that
n; >1 forj=1,...,1. Then

(1) |Sta(Zm)‘ = |{[f/]m | fE€ NZm}

(2) if there exists a monic polynomial in Z[x] of degree k that is a null polynomial on Zpy[a],
then

(a) ‘Sta(Zm” = H[f/]m | f € Nz, with deg f < k}l

; k
(b) |Sta(Zm)| = [Nz, : Nj, ] = Hg=tspl.

Proof. Ad (1). We define a bijection ¢ from St,(Z,,) to the set of functions induced on Z,,
by the derivatives of null polynomials on Z,,. Given F € St,(Z.,), let h € Z[z] be (such as we
know to exist by Proposition [4.6)) a null polynomial on Z,, such that x + h(z) induces F. We set
¢(F) = [W],. Now Corollary shovvs ¢ to be well-defined and injective, and Corollary [6.7]shows
it to be surjective.

Ad (2a). If g € Ny,,, then by Proposition [3.12] there exists f € Zj,[z] with deg f < k such that
[flm = [g]m (that is, f € Nz,,) and [f'lm = [g']m-

Ad (2b). Define ¢: Nz, — F(Zw) by ¢(f) = [f']m- Clearly, ¢ is a homomorphism of additive
groups. Furthermore, ker o = N ~and Im ¢ = {[f'],, | f € Nz, }. By (1),

Sta(Zm)| = [Nz,, : N, ].

m

For evaluating the ratio, we restrict ¢ to the additive subgroup of Z,,[z] consisting of polynomials
of degree less than k and get a homomorphism of additive groups defined on Nz, (< k), whose
image is still {[f'];n | f € Nz, }, by Corollary and whose kernel is N; (< k). Hence

|Sta(Zm)| = [Nz, (< k) : Nz (< k)]
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We now substitute concrete numbers from Theorem [3.15] and Proposition for the k that
stands for the degree of a monic null polynomial on Z,,[a] in Proposition (2). Here, as in
Definition p(m) denotes the smallest positive integer whose factorial is divisible by m.

COROLLARY 7.3. Letm = pi* ---p.*, wherepy, ..., pi are distinct primes and suppose that n; > 1
forg=1,...)k. Then

(1) [Sta(Zm)| = {If']m | f € Nz, with deg f < 2u(m)}|

(2) |Sta(Zm)| = m

COROLLARY 7.4. For a prime number p and a natural number n, where 1 < n < p, we have
(1) 1Sta(Zp)| = {[f']p~ | f € Nz, with deg f < (n+ 1)p}|
Ny (< (4 1)
N (< (n+ Dp)|”

(2) |Sta (Zp" )‘

Remark 7.5. When m = p is a prime, Proposition [7.2]and its Corollaries do not apply. This case
has been treated in Theorem [£.11]

We now employ Proposition [7.2]to show that Corollary [5.6] takes a simpler form for polynomial
functions on Zyn, when n > 1. (Again, the case n =1 is exceptional, see Theorem m)

COROLLARY 7.6. Let n > 1. Then for any fized F € F(Zyn),
18ta(Zy)| = [{(Uflpes PNy | £ € ZLz) with [flpe = FY.
Proof. Set
A=A{([flp~, [f"p) | f € Z[x] with [f]pn = F},

and fix fy € Z[z] with [fo],» = F. Then, f — fo is a null polynomial on Z,» for any f € Z[x] with
([f]p"7 [f/]p") €A

We define a bijection

¢pr A= {[W]pn | K€ Nzpudy  O(([flpns [F o)) = [(f = fo) ]pm-

Since [(f — fo)'lpr = [f'lpn — [flpn, ¢ is well defined. Also, ¢ is injective, because, for two different
elements of A, ([filpn, [f1]pn) # ([flpn, [f']pn) implies [f{],» # [f']p» and hence [(fi — fo)']p» #
[(f = fo) Tp»-

To see that ¢ is surjective, consider [h/],n, where h € Nz ,,. Then [fo+ h],» = F and, therefore,
([fo + Rlpn, [fo + B']pn) is in A and maps to [A/],» under ¢.

By Proposition (1),

|Sta(Zpn)l = K[ lpn | £ € Nz}l = [A]
]
Remark 7.7. Let n =1 and A = {([f]p~, [f'lp~) | f € Z]x] with [f]p» = F}. Then |A| = p? by

Lemma but |Ste(Zyn)| = (p — 1)? by Theorem This shows that the condition on n in
Corollary is necessary.

We now we give a self-contained proof of Corollary (not using Jiang’s ratio |[13], but emulating
the argument in the proof of Theorem , for R = Zyn[a].

COROLLARY 7.8. For any integer n > 1,
| F(Zprlo])| = |F(Zpn)? - |Sta(Zp)].
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Proof. Set
B = J {(Uflp,[fNp) | [flpr = F and f € Z[x]}.
FEF(Zyn)
By Corollary [7.6]
|B| = [F(Zpr)| - [StalZpn)]-

We now define a function ¢: F(R[a]) — B x F(R) as follows: if G € F(R[a]) is induced by
9= g1+ aga, where g1, g5 € Zyr [z], we let ¥(G) = (([g1]pn, [91]pm): [92]pm)-

By Corollary 1 is well-defined and bijective, and, hence, |F(Zyn[a])| = |B| - |F(Zy»)| . O

As |F(Zyn)| is a well-known quantity (quoted in the introduction in Equation (1.1))), all we now
need for an explicit formula for F(Z,~[a]) is an expression for Sty (Z,»)|. We will derive one for
n < p in the next section.

8. On the number of polynomial functions on Z, ¢/

In this section we find explicit counting formulas for the number of polynomial functions and
the number of polynomial permutations on Zy[a] for n < p. The reason for the assumption
n < p is that in this case (unlike the case n > p) the ideal of null polynomials on Z,» is equal to
((zP — x),p)™. The equality can be seen by a counting argument [10; Corollary 2.5] — the ideal
((zP — x),p)" is clearly contained in Nz, , and, for n < p, their respective indices in Zpn[z] are
the same — but it can also be derived from other results [30; Theorem 3.3 (2)].

This fact allows us to see at a glance if a polynomial is a null polynomial modulo p* (for any
k < n) once we have expanded the polynomial as a Z[x]-linear combination of the powers (z? —x)™,
with coefficients of degree less than p. Our Lemma to this effect, Lemma is taken from an
earlier paper [10].

Remark 8.1. Let R be a commutative ring and h € R[z] monic with degh = ¢ > 0.
(1) Every polynomial f € R[z] can be represented uniquely as
f@) = folx) + f(@)h(z) + fa(x)h(z)® + ...
with fi € R[z] and deg fi < ¢ for all k& > 0.
(2) Let I an ideal of R. Let f,g € R[z], f = Y. a;z* and g = 5 b;2" be expanded as in (1) with

g—1 ) g—1 )
fe= > ajpz? and gx = > bjra’. Then
§=0 §=0

a;=b;modI foralli <= aj,=0bj,modl foralljk.

(1) follows easily from repeated division with remainder by h(x) and the fact that quotient and
remainder are unique in polynomial division. (2) follows from the uniqueness of the expansion
applied to polynomials in (R/I)[z].

LEMMA 8.2 ([10t Lemma 2.5]). Let p be a prime and f € Z[z] represented as in Remark [8.1] with
respect to h(z) = aP — x.
f(x) = fo(x) + fi(x)(a? — ) + folz)(zP —2)* + ...
with fr, € Z[z] and deg fi < p for all k > 0.
Let n < p. Then f is a null polynomial on Zyn if and only if fx € p"~*Z[z] for 0 < k < n.

n(nt+1l)p

COROLLARY 8.3. Let n <p. Then [Nz . (< (n+1)p)|=p~ 2 .
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Proof. We express f € Z[z] with degf < (n + 1)p as in Remark Lemma flz) =
n p—1 .

3 fe(@) (2P — ), where fy(z) = > ajrad.

k=0 §=0

By Lemma and Remark 8.1/(2), [Nz, (< (n+1)p)| is equal to the number of ways to choose
the aji, from a fixed system of representatives modulo p™, such that a;;, =0 mod p("=k) for k < n.

n

. R P>k n(ntl)p

This number is [[ p"? =p #=0 =p~ 2 .
k=0

O

p—1 )
LEMMA 8.4. Let f € Z[x], where f(z) = 3 fr(x)(2P — x)* such that fr(x) = . ajpa’. If we
k>0 §=0

expand ' in a similar way, f'(z) = 3 fu(z)(@P —x)*, where fi(x) = pil ajxa’, then the following
relations hold for all k >0 = <
aor, = (kp + Dayg — (K + 1)aog+1
ajr = (kp+j+1)ajrix+ (k+1)(p—1)ajrs for1<j<p-2 (8.1)
ap—1k = (k+1)(p — Dap-1ks1+ (k+ 1)paok1.
Proof. Consider
(fe(@) (@ = 2)") = fi(@)(a? = 2)* = kfi(@)(@? — 2)* "+ kpa? ™ (@)@ — 2)F 1 (8.2)
p

—1
We rewrite the last term of Equation lb by expanding 2P~ fy(z) as > a;p2PT~1 and sub-
j=0

stituting 27! + 27 (2P — z) for P17, to get integer linear-combinations of terms 27 (2P — z)*.
p—1
kpa? ™ (@) (a? — a)* =Y kpagra? T af — a)t
3=0
p—1
= < kpajpa?ti 1 4 kpagkxp1> (xP — z)k~1
j=1
p—1
= <Z kpaji(z? + 27~ (2P — x)) + kpaOkzpl) (xP — z)k=1
j=1
p—2
= (Z kpajix! + (kpay—1x + kpaOk)xp_l) (zP — 2)k1
j=1
p—2
+ (Z kpaji1 kxj) (zP — z)*
3=0
and, therefore,
p—2
(fk(a:)(a:p - x)k)/ = ( — kagr + Z k(p — 1)ajkxj + (k(p— Dap—1x + kpagk)a:pl> (zP — 33)]“1
j=1
p—2
+ (Z(kp +j+Daj kxj) (zP — )", (8.3)

=0
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Thus f/(x) = 3 (fula)(2? —0)") = 2 fela)(@? — )", where

k>0

—2
fe(z) = (kp+ Daye — (k+1) a0k+1+2 (kp+j+ Dajiir + (k+1)(p — Dajpi1)a?

+((k+1)(p—Dap-1x541 + (k + 1)pag k+1)z"”
Finally, expressing the G in terms of the a;x, we get
aor = (kp + V)ayx — (k + aok+1,
ajr = (kp+j+1)ajrie+ (k+1)(p—1)a; k41 for1 <j<p-2,
ap—1k = (k+1)(p—1ap—1k+1 + (kK + 1)pao g+1 for k> 0. O
Let f € Z[z], p a prime and n < p. We are now in a position to tell from the coefficients of the

expansion of f with respect to powers of (2 — x) (as in Remark [8.1)) whether both f and f’ are
null polynomials on Zpn»

m p—1 .
THEOREM 8.5. Let n < p and f(x) = 3 fr(x)(aP — 2)* € Z[z], where fi.(x) = 3 ajpa’.
k=0 §=0

Then f and f' are both null polynomials on Zyn if and only if, for 1 < k < min(p,n + 1),
a;o =0 (mod p")

—— (8.4)

a;z =0 (modp

Proof. (=) Suppose f and f’ are null polynomials on Z,~. Then f'(z) = ki Fr(@) (2P — )k, with
fr (z) = pil ajr?, such that, by Lemma [8.4] the coefficients aj; and aj satisfy Equation .
Since f’ iJ;; null polynomial on Zy,», Lemma implies, for j =0,...,p—
a5y =0 (mod p"F) for k < n. (8.5)
Again by Lemma[8.2] it is clear that
ajo =0 (mod p") for j=0,1,...,p— 1. (8.6)

For 1 < k < min(p,n + 1), we use induction. To see a;1 = 0 (mod p™), we set k = 0 in
Equation , and get
oo = @10 — o1,
ajo = (j +1ajy10 + (p— 1)aj1 for1<j<p-2, (8.7)
ap—10=(p—1)ap_11 + paog.

From Equations (8.5)), , and (8.7), we conclude that ajy =0 (mod p"), j=0,1,...,p—1.
Now, for 2 < k+ 1 < min(p,n + 1), we prove the statement for k + 1 under the hypothesis

aj;r =0 (mod p"T'7F) for j=0,1,...,p— 1. (8.8)
We rewrite Equation as
(k+ 1agr+1 = (kp+ 1)aig — dok
(k+1)(p—1ajrt1 =aj6 — (kp+j+1)ajr1x for 1<j<p-—2 (8.9)
(k+1)(p—1Dap—1k+1 = dp—1k — (k+ Dpagry1 for k=0,1,...,n—1.
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Since k+1 < pand n+1—k > n — k, Equations , (8.5) and the induction hypothesis
(Equation (8.8)) give

ajp+1 =0 (mod p" ) for j=0,1,...,p— 1.

For k > min(p,n + 1), we note that (2 — z)¥ € Ny .- Hence fi(z)(z? — z)F € Ny .- So, there
are no restrictions on a;; for 5 =0,...,p — 1.

(<) Assume that is true. Then, for k < p, ajx =0 (mod p"~®)) sincen +1 —k >n — k.
We use Lemma and Equation to show that a;, = 0 (mod p=k)) for 0 < k < p. The
result now follows by Lemma [8:2] O

n+1l ifn<p
P ifn=p"
Then (zP — x)" is a monic null polynomial on Zyn[a] of minimal degree.

COROLLARY 8.6. Let n < p and r = min(n + 1,p), that is, r = {

Proof. By Lemma (zP — x)" is a null polynomial on Z,[a]. Let h € Z[a][z] be a null
polynomial on Z,n» o] with deg h < rp. By Corollary it suffices to consider h € Z[z]. We show
that h is not monic. If & = 0 this is evident. If A # 0, we expand h as in Lemma[8.2}

h(z) = ho(x) + h1(z) (2P —z) + -+ + hpq(z) (2P — )"

P

-1
with hy(z) = 3 aja? € Z[z]. By Theorem it follows that for 0 < j <p-—1
~

j
ajo =0 (mod p"),
ajr =0 (mod p" D) for 1 <k <

If [ is the largest number such that h;(x) # 0, then a, 1; # 1, since a,_1; = 0 mod p(*~+1),
Thus h cannot be monic. O

Recall from Deﬁnitions andthat fe Népn (< (n+1)p) means f and f" are null polyno-
mials on Zy» and deg f < (n+ 1)p.

n(n—1)p
2

ifn<p
COROLLARY 8.7. Letn < p. Then [Ny, (< (n+1)p)| = (2 mi2)m .
p- 2 ifn=mp

Proof. Werepresent every polynomial f € Z,»[z] with deg f < (n+ 1)p uniquely, by Remark
as

n p—1
fz) = Z fr(z)(zP — z)* with fi(z) = Zajkxj € Lpn[z].
k=0 3=0

By Theoremﬁ7 counting the polynomials in N (< (n+1)p) amounts to counting the number of
choices for the ajj such that ajo =0 mod p" and a;, =0 mod p"~**! for 1 < k < min(p,n + 1)
and 0<j<p-—1.

When n < p, there are p*~! choices for a;i, for each pair (j, k) with1 <k <nand0<j <p—1.
Hence the total number of ways of choosing all coefficients, when n < p, is equal to

n n—1

(k=1) nt L p >k pn(n—1)
[[7r* " =] =p= =p~ = .
k=0

k=1

1083



HASAN AL-EZEH — AMR ALI AL-MAKTRY — SOPHIE FRISCH

When n = p, a;, can be chosen in p" ways, and the resulting total is
n—1 n—2 n=2
pr [T 0 =p [[ ot =0 S O
k=1 k=0
At last, we obtain an explicit formula for the order of Sty (Zpn) for n < p.
THEOREM 8.8. Let 1 < n <p. Then
(p—1)P ifn=1
|Sto(Zpn)| = < p™P ifl<n<p.
pn=bP ifp=p
Proof. The case n =1 is a special case of Theorem (3). Let 1 < n < p. By Corollary
_ Nz, (< (n+1)p)|
TN, (< (n+ Dp)
Now Corollaries [8.3] and respectively, say that

|Sta(Zpn )]

n(n—1)p
n(n+1)p 2

D ifn<p
[Nz, (< (n+1)p)|=p 2 and  |Ng (< (n+1)p)|{ (n?=nt2)p :
p 2

O
ifn=p
Ezxzample 8.9. Let R = Z4. Then |St,(Z4)| = 4 by Theorem Now, by Corollary the
polynomial (22 — x)? is a monic null polynomial on Z,[a] of minimal degree. So every polynomial
function on Z4[a] can be represented by a polynomial of degree less than 4. Consider the following
null polynomials on Zy4:

=0, fo=20"—u), fs=20"-w), fi=20"-2").
It is evident that [z + f;]4 = idz,, and so by Corollary[6.4] [z + f;] € Sta(Z4), where [z+ f;] denotes
the function induced by = + f; on Zs[a] for i = 1,...,4. Note that [1 + f;]a # [1 + f]]4, however,

and hence by Corollary [ + fi] # [z + f;] whenever ¢ # j. Therefore Sto(Z4) = {[z + fi],
i=1,...,4}. Actually, St,(Z4) is the Klein 4-group.

Theorem [8:8 now allows us to state explicit formulas for the number of polynomial functions
and polynomial permutations on Zyn[c] for n < p. Our formula for |P(Z,»[a])| depends on p and
n. To understand it in terms of the residue field and nilpotency of the maximal ideal of Z,n [/,
recall from Proposition that the residue field of Z,» o] is isomorphic to Z, and the nilpotency
of the maximal ideal is n + 1.

THEOREM 8.10. Let 1 < n < p. Then the number |P(Zyn[a])| of polynomial permutations on
Zyn|a] is given by
n2+2n—2)p

pl(p — 1)Ppl ifn<p

pl(p — 1pp+2n=3 ifp=p

[P (Zpn[a])| = {

Proof. The case n = 1 is covered by Proposition Now, let 1 < n < p. Using that

w(p®) = kp for k < p, we simplify the formulas for |F(Z,» )| and |P(Z,» )| quoted in the introduction

(Equation (1.1))) accordingly. For 1 < n < p,

n(n+1) _

FZp) =p~ 2 and  [P(Zpn)| = pllp— 1)Pp~p (8.10)

Substituting the formula from Theoremfor |Sto(Zyn)| and the above expressions for | F(Zyn )|
and |P(Zpn)| in Theorem we obtain the desired result.

n(n+1)p
2
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THEOREM 8.11. Let n < p. The number |F(Zyn[a])| of polynomial functions on Zyn[c] is given
by

p(n2+2n)p ifn<p
F@r oDl =1 oranny o
plr =P ifp=p

Proof. The case n =1 is covered by Corollary For 1 < n < p, we substitute the expression

from Theorem [8.8| for |Sty(Zyn )| and the formula for |F(Z,n)| from Equation (I.1) (simplified as
in Equation (8.10) in the proof of Theorem [8.10]) in Corollary |

9. A canonical form

In this section we find a canonical representation for the polynomial functions on Zyn [a] when-
ever n < p. As before (see Definition [3.13)), u(m) stands for the smallest natural number n such
that m divides n!.

LEMMA 9.1 ([26: Theorem 10]). Let F be a polynomial function on Z,,. Then F is uniquely
represented by a polynomial f € Z[x] of the form

pu(m)—1 ' m
PROPOSITION 9.2. Let F: Zy,[a] — Zy|a] be a polynomial function on Zpy[a]. Then F can be
represented by a polynomial f € Z[x] of the form

2p(m)—1 p(m)—1
. . m
flx) = E a;x" + E b;r’) o with 0 < a;,b; <m and 0<b; < —————
( ) gt - J J J ng(m,j!)

and the bj in such a representation are unique.

Proof. By Corollary 3.17, F can be represented by a polynomial g1 + « g2, where

2p(m)=1 m(m)—1
g1(z) = Z cix’ and Z d;x
i=0

with ¢;,d; € Z. Choosing a;,b; to be the smallest non—negatlve integers such that ¢; = a; and
d; = b; mod m, we see that F' is represented by

2p(m)—1 oop(m)—1 _
g(z) = Z a;z’ + Z bjz! a
i=0 §=0

with 0 < a;,b; < m. Now, since Z,,[c] is a Z-algebra, substituting elements of Z,,[a] for the
variable z in g defines a function on Z,[«a]. For k.l € Z,,, we have

2p(m)—1 u(m
glk+la)= > ai(k+la) Z bik! a
=0

p(m) )
By Corollary F depends on the function induced by > bj:cj on Z,, but not on the function

§=0
p(m)—1 )
induced by its derivative. So we can replace Y, b;x/ by any polynomial h € Z[z] such that
§=0
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w(m)—
[ Z b 7], = [h]m. Hence, by Corollary and Lemma b; can be chosen uniquely such
]

that0<b <m

By combining Proposition with Proposition [3.16] we obtain the following corollary.

COROLLARY 9.3. Let p be a prime number and n < p a positive integer. Let F': Zyn o] — Zpn[a] be
(n+1)p—1 )
a polynomial function on Zyn|c]. Then F' can be represented as a polynomial f(x) = Y.  a;x"+
i=0
np—1 . 3 . \ n
j;o bjx’ o with 0 < a;,b; < p™. Moreover, bj can be chosen uniquely such that 0 < b; < m.
Finally, we give a canonical representation for polynomial functions on Z,»[a] for n < p.

THEOREM 9.4. Let n < p. Every polynomial function F on Zyn|a] is uniquely represented by a
polynomial f € Z[x] of the form

m np—1
:ka(x)( —x ko Z bx o with fk Zaﬂﬂ
k=0 1=0

where
(1) m = min(n,p — 1)
(2) 0<ajo<p" and 0 < aj, <p"*1 (forj=0,....p—1landk=1,...,m)
(3) ogbi<ﬁf;m (fori=0,....,np—1).

Proof. Let F be a polynomial function on Z,~[a]. By Corollary [9.3 . we can represent ' by f =
np—1
g+ah with g, h € Z[z], such that degg < (n+1)p—1 and h(z) = Z bixt with 0 < b; <

p" .
ged(pm,il)?
=0
and the coefficients b; in such a representation are unique.

By Corollary (P — )™ is null on Zyn[a]. Thus we can choose g with degg < p(m + 1)

by Proposition [3.12} We expand ¢ as in Lemma g(x) = 3 gr(x) (2P — 2)*, where gi(z) =
k=0

p—1 .
> el € Zx).

7=0
By division with remainder, we get c;o = p"qjo+ajo and ¢jr = p"‘k“qjk—&—a it with 0 < ajo < p"
and 0 < a;p <p"Ftlforj=0,...,p—1,and k=1,...,m. By Theorem (8.5

p" (P —x) 2p" T (2P — )P 20 on Zpn|c.

p—1 .
Thus, if we set fi(z) = Y a;pa? for k=0,...,m, we have, by Corollary

Jj=0

= gi(@)(a” - 2)*
k=0

p—1
and hence we can replace g by Z Z fr(z)(z? — x)* in the representation of the function F.
k=0 j=

[I>

S @)@ -2 on Zylal,
k=0

Therefore F is induced by f = g + ah, where g(x) = Z Z ajr2? (xP — z)* with 0 < ajo < p",
=035=0

0<a, < p"F+l for j =0,...,p—1, and k = 1,...,m, and h as above. To count the number
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of ways of selecting such a polynomial f, we need to count the number of ways of choosing g and
h. First, we do that for g. We note that fo(z) can be determined in p™? ways, since ajo < p”
for j = 0,...,p— 1. While, if 1 < k < m, fi(z) can be selected in pP(»~*+1) ways, since
0<aj, < p"F+l for j =0,...,p — 1. So, the number of ways to choose g is

m m—1
PP H pPn=ktl) — pnp H pP (k)
k=1 k=0
. . mpl . pn(nl) .
On the other hand, simple calculations show that > b;z’ & can be chosen in p~ 2z  ways, since
i=0
0<b; < WT;,“). Thus the number of ways that f can be chosen is
2 .
np o (n—k) , pnintD) pln+2mp ifn<p
p H p’ P T ey :
k=0 p ifn=p
By Theorem [8.11] this last quantity equals |F(Zyn[@])| and, therefore, the representation is unique.

O
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