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Abstract. An irreducible element of a commutative ring is absolutely irre-
ducible if no power of it has more than one (essentially different) factorization
into irreducibles. In the case of the ring Int(D) = {f ∈ K[x] | f(D) ⊆ D}, of
integer-valued polynomials on a principal ideal domain D with quotient field
K, we give an easy to verify graph-theoretic sufficient condition for an ele-
ment to be absolutely irreducible and show a partial converse: the condition
is necessary and sufficient for polynomials with square-free denominator.

1. Introduction

An intriguing feature of non-unique factorization (of elements of an integral
domain into irreducibles) is the existence of non-absolutely irreducible elements,
that is, irreducible elements some of whose powers allow several essentially different
factorizations into irreducibles [1, 6, 7, 8, 10].

For rings of integers in number fields, their existence actually characterizes non-
unique factorization, as Chapman and Krause [4] have shown.

Here, we investigate absolutely and non-absolutely irreducible elements in the
context of non-unique factorization into irreducibles in the ring of integer-valued
polynomials on D

Int(D) = {f ∈ K[x] | f(D) ⊆ D},
where D is a principal ideal domain and K its quotient field.

In an earlier paper [5, Remark 3.9] we already hinted at a graph-theoretic suf-
ficient condition for f ∈ Int(D) to be irreducible. We spell this out more fully in
Theorem 1. This condition is not, however, necessary.

We formulate a similar graph-theoretic sufficient condition for f ∈ Int(D) to
be absolutely irreducible in Theorem 2, and show a partial converse. Namely, our
criterion for absolute irreducibility is necessary and sufficient in the special case of
polynomials with square-free denominator, cf. Theorem 3.

First, we recall some terminology. Let R be a commutative ring with identity.
(i) r ∈ R is called irreducible in R (or, an atom of R) if it is a non-zero

non-unit that is not a product of two non-units of R.
(ii) A factorization (into irreducibles) of r in R is an expression

r = a1 · · · an (1)
where n ≥ 1 and ai is irreducible in R for 1 ≤ i ≤ n.

(iii) r, s ∈ R are associated in R if there exists a unit u ∈ R such that r = us.
We denote this by r ∼ s.
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(iv) Two factorizations into irreducibles of the same element,
r = a1 · · · an = b1 · · · bm, (2)

are called essentially the same if n = m and, after a suitable re-indexing,
aj ∼ bj for 1 ≤ j ≤ m. Otherwise, the factorizations in (2) are called
essentially different.

Definition 1.1. Let R be a commutative ring with identity. An irreducible element
c ∈ R is called absolutely irreducible (or, a strong atom), if for all natural numbers
n, every factorization of cn is essentially the same as cn = c · · · c.

Note the following fine distinction: an element of R that is called “not absolutely
irreducible” might not be irreducible at all, whereas a “non-absolutely irreducible”
element is assumed to be irreducible, but not absolutely irreducible.

We now concentrate on integer-valued polynomials over a principal ideal domain.
Recall that a polynomial in D[x], where D is a principal ideal domain, is called

primitive if the greatest common divisor of its coefficients is 1.

Definition 1.2. Let D be a principal ideal domain with quotient field K, and
f ∈ K[x] a non-zero polynomial. We write f as

f =
a
∏
i∈I gi

b
,

where a, b ∈ D \ {0} with gcd(a, b) = 1, I a finite (possibly empty) set, and each gi
primitive and irreducible in D[x] and call this the standard form of f .

We refer to b as the denominator, to a as the constant factor, and to a
∏
i∈I gi as

the numerator of f , keeping in mind that each of them is well-defined and unique
only up to multiplication by units of D.

Definition 1.3. For f ∈ Int(D), the fixed divisor of f , denoted d(f), is the ideal
of D generated by f(D).

An integer-valued polynomial f ∈ Int(D) with d(f) = D is called image-
primitive.

When D is a principal ideal domain, we may, by abuse of notation, write the
generator for the ideal, as in d(f) = c meaning d(f) = cD.

Remark 1.4. Let D be a principal ideal domain with quotient field K, and f ∈
K[x] written in standard form as in Definition 1.2. Then f is in Int(D) if and only
if b divides d(

∏
i∈I gi).

Remark 1.5. Let D be a principal ideal domain with quotient field K. Then any
non-constant irreducible element of Int(D) is necessarily image-primitive. Other-
wise, if a prime element p ∈ D divides d(f), then

f = p · f
p

is a non-trivial factorization of f .
Furthermore, f ∈ K[x] \ {0} (written in standard form as in Definition 1.2) is

an image-primitive element of Int(D) if and only if (up to multiplication by units)
a = 1 and b = d(

∏
i∈I gi).

Definition 1.6. Let D be a principal ideal domain. For f ∈ Int(D), and p a prime
element in D, we let

dp(f) = vp(d(f))

Remark 1.7. By the above definition,

d(f) =
∏
p∈P

pdp(f) and dp(f) = min
c∈D

vp(f(c))
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where P is a set of representatives of the prime elements of D up to multiplication
by units.

By the nature of the minimum function, the fixed divisor is not multiplicative:
dp(f) + dp(g) ≤ dp(fg),

but the inequality may be strict. Accordingly,
d(f)d(g)

∣∣ d(fg),
but the division may be strict. Note, however, that

d(fn) = d(f)n

for all f ∈ Int(D) and n ∈ N.

2. Graph-theoretic irreducibility criteria

We refer to, for instance, [2] for the graph theory terms we use in this section.

Definition 2.1. Let D be a principal ideal domain, I 6= ∅ a finite set and for i ∈ I,
let gi ∈ D[x] be non-constant and primitive. Let g(x) =

∏
i∈I gi, and p ∈ D a

prime.
(i) We say that gi is essential for p among the gj with j ∈ I if p

∣∣ d(g) and
there exists a w ∈ D such that vp(gi(w)) > 0 and vp(gj(w)) = 0 for all
j ∈ I \ {i}. Such a w is then called a witness for gi being essential for p.

(ii) We say that gi is quintessential for p among the gj with j ∈ I if p
∣∣ d(g)

and there exists w ∈ D such that vp(gi(w)) = vp(d(g)) and vp(gj(w)) = 0
for all j ∈ I \ {i}. Such a w is called a witness for gi being quintessential
for p.

We will omit saying “among the gj with j ∈ I” if the indexed set of polynomials is
clear from the context.

Remark 2.2. When we consider an indexed set of polynomials gi with i ∈ I,
we are not, in general, requiring gi 6= gj for i 6= j. Note, however, that gi being
essential (among the gj with j ∈ I) for some prime element p ∈ D implies gi 6∼ gj
in D[x] for all j ∈ I \ {i}.

Definition 2.3. Let D be a principal ideal domain, I 6= ∅ a finite set and for each
i ∈ I, gi ∈ D[x] primitive and irreducible.

(i) The essential graph of the indexed set of polynomials (gi | i ∈ I) is the
simple undirected graph whose set of vertices is I, and in which (i, j) is an
edge if and only if there exists a prime element p in D such that both gi
and gj are essential for p among the gk with k ∈ I.

(ii) The quintessential graph of the indexed set of polynomials (gi | i ∈ I) is
the simple undirected graph whose set of vertices is I, and in which (i, j)
is an edge if and only if there exists a prime element p in D such that both
gi and gj are quintessential for p among the gk with k ∈ I.

Example 2.4. Let I = {1, 2, 3, 4} and for i ∈ I, gi ∈ Z[x] as follows:
g1 = x3 − 19, g2 = x2 + 9, g3 = x2 + 1, g4 = x− 5,

and set
g = (x3 − 19)(x2 + 9)(x2 + 1)(x− 5).

A quick check shows that the fixed divisor of g is 15.
(i) Taking w = 1, 2, 0 respectively, as witnesses, we see that g2, g3, g4 are

quintessential for 5. The polynomial g1 is not essential for 5 because
v5(g1(a)) > 0 only if a ∈ 4 + 5Z and for such a, also v5(g2(a)) > 0.
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(ii) Taking w = 1, 0, 2 respectively, as witnesses, we see that g1, g2, g4 are
essential for 3. Only g4 is quintessential for 3. The polynomial g3 is not
essential for 3.

Figure 1 shows the essential and quintessential graphs of (g1, g2, g3, g4).

3 4

1 2

Essential graph

3 4

1 2

Quintessential graph

Figure 1. Graphs for Example 2.4

Lemma 2.5. Let D be a principal ideal domain and f ∈ Int(D) a non-constant
image-primitive integer-valued polynomial, written in standard form according to
Definition 1.2 as

f =
∏
i∈I gi∏
p∈T p

ep
,

where T is a finite set of pairwise non-associated primes of D, and let n ∈ N.
Every h ∈ Int(D) dividing fn can be written as

h(x) =
∏
i∈I g

γi(h)
i∏

p∈T p
βp(h) ,

with γi(h) ∈ N0 for i ∈ I and unique βp(h) ∈ N0 for p ∈ T . Moreover, every such
representation of h satisfies:

(i) If q ∈ T and j ∈ I such that gj is quintessential for q among the i ∈ I,
then

βq(h) = eqγj(h).
(ii) In particular, whenever gj and gk are both quintessential for the same

prime q ∈ T , then γj(h) = γk(h).

Proof. We know d(fn) = d(f)n (cf. Remark 1.7). So, fn is image-primitive, and,
therefore, all polynomials in Int(D) dividing fn are image-primitive. Let fn = hk
with h, k ∈ Int(D). When h is written in standard form as in Definition 1.2, the
fixed divisor of the numerator equals the denominator, and the constant factor is
a unit. The same holds for k. This is so because h and k are image-primitive; see
Remark 1.5.

Now let q ∈ D be prime and j ∈ I such that gj is quintessential for q. Note
that, by Remark 2.2 and unique factorization in K[x], the exponent of gj in the
numerator of any factor of fn is unique.

Writing fn = hk as∏
i∈I g

n
i∏

p∈T p
nep

=
∏
i∈I g

γi(h)
i∏

p∈T p
βp(h) ·

∏
i∈I g

γi(k)
i∏

p∈T p
βp(k) ,

we observe the following equalities and inequalities of the exponents:
(i) neq = βq(h) + βq(k)
(ii) n = γj(h) + γj(k) and hence neq = eqγj(h) + eqγj(k)
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(iii) eqγj(h) ≥ βq(h) and eqγj(k) ≥ βq(k).
(i) follows from unique factorization in D.
(ii) follows from unique factorization in K[x] and Remark 2.2.
To see (iii), consider a witness w for gj being quintessential for q. Since f is

image-primitive, eq = vq(d(
∏
i∈I gi)), by Remark 1.5. From Definition 2.1 and

Remark 1.4 we deduce

eqγj(h) = vq(gj(w))γj(h) = vq(g
γj(h)
j (w)) = vq

(∏
i∈I

gi(w)γi(h)

)
≥ βq(h)

(and similarly for k instead of h).
Finally, (i) - (iii) together imply eqγj(h) = βq(h) and eqγj(k) = βq(k). �

Theorem 1. Let D be a principal ideal domain with quotient field K. Let f ∈
Int(D) be a non-constant image-primitive integer-valued polynomial, written in
standard form as f = g/b with b ∈ D \ {0}, and g =

∏
i∈I gi, where each gi is

primitive and irreducible in D[x].
If the essential graph of (gi | i ∈ I) is connected, then f is irreducible in Int(D).

Proof. If |I| = 1, then f is irreducible in K[x], and, by being image-primitive, also
irreducible in Int(D).

Now assume |I| > 1, and suppose f can be expressed as a product of m non-
units f = f1 · · · fm in Int(D). Since d(f) = 1, we see immediately that no fi is a
constant, and that d(fk) = 1 for every 1 ≤ k ≤ m.

Write fk = hk/bk with bk ∈ D and hk primitive in D[x]. Then b = b1 · · · bm and
there exists a partition of I into non-empty pairwise disjoint subsets I =

⋃m
i=1 Ik,

such that hk =
∏
i∈Ik

gi.
Select i ∈ I1 and j ∈ I with j 6= i. We show that also j ∈ I1. Let i =

i0, i1, . . . , is = j be a path from i to j in the essential graph of (gi | i ∈ I). For
some prime element p0 in D dividing b, gi0 and gi1 are both essential for p0. As gi
is essential for p0, p0 cannot divide any bk with k 6= 1 and, hence, p0 divides b1. For
any gk essential for p0 it follows that k ∈ I1, and, in particular, i1 ∈ I1. The same
argument with reference to a prime pk for which both gik and gik+1 are essential,
shows for any two adjacent vertices ik and ik+1 in the path that they pertain to
the same Ik, and, finally, that j ∈ I1.

As j ∈ I was arbitrary, I1 = I and m = 1. �

Theorem 2. Let D be a principal ideal domain and f ∈ Int(D) be non-constant
and image-primitive, written in standard form as

f =
∏
i∈I gi∏
p∈T p

ep
,

where I 6= ∅ is a finite set and for i ∈ I, gi ∈ D[x] is primitive and irreducible in
D[x].

If the quintessential graph G of (gi | i ∈ I) is connected, then f is absolutely
irreducible.

Proof. Suppose

fn =
s∏
l=1

fl, where fl =
∏
i∈I g

ml(i)
i∏

p∈T p
kl(p)

and 0 ≤ ml(i) ≤ n, 0 ≤ kl(p) ≤ nep and for all i,
∑s
l=1 ml(i) = n and for all p,∑s

l=1 kl(p) = nep.
Fix t with 1 ≤ t ≤ s. We show that ft is a power of f by showing that each gi

with i ∈ I occurs in the numerator of ft with the same exponent.
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Let i, j ∈ I. By the connectedness of the quintessential graph, there exists a
sequence of indices in I, i = i0, i1, i2, . . . , ik = j and for each h, a prime element
ph in T such that gih and gih+1 are both quintessential for ph. By Lemma 2.5, gih
and gih+1 occur in the numerator of ft with the same exponent. Eventually, gi and
gj occur in the numerator of ft with the same exponent, for arbitrary i, j ∈ I. In
an image-primitive polynomial, the numerator determines its denominator (as in
Remark 1.5) and, hence, ft is a power of f . Since ft is irreducible, ft = f . �

Example 2.6. The binomial polynomial(
x

p

)
= x(x− 1) · · · (x− p+ 1)

p!
where p ∈ Z is a prime, is absolutely irreducible in Int(Z), by Theorem 2.

The converse of Theorem 2 does not hold in general. For instance, the polynomial

f = x2(x2 + 3)
4 ∈ Int(Z)

is absolutely irreducible in Int(Z) but the quintessential graph of (x, x, x2 + 3) is
not connected.

There is, however, a converse to Theorem 2 in the special case where the denom-
inator of f is square-free, as we now proceed to show, cf. Theorem 3.

3. Absolutely irreducible polynomials with square-free denominator

Let D be a principal ideal domain with quotient field K. When we talk of
the denominator of a polynomial in K[x], this refers to the standard form of a
polynomial introduced in Definition 1.2.

Remark 3.1. Let D be a principal ideal domain. Suppose the denominator of
f ∈ Int(D), written in standard form as in Definition 1.2, is square-free:

f =
∏
i∈I gi∏
p∈T p

.

Then, if f is irreducible in Int(D), it follows that each gi is essential for some
p ∈ T . Otherwise, we can split off gi. This further implies gi 6∼ gj in D[x] for i 6= j,
whenever f ∈ Int(D) with square-free denominator is irreducible. A criterion for
irreducibility of an integer-valued polynomial with square-free denominator has
been given by Peruginelli [9].

Theorem 3. Let D be a principal ideal domain and f ∈ Int(D) be non-constant
and image-primitive, with square-free denominator, written in standard form as

f =
∏
i∈I gi∏
p∈T p

,

where I 6= ∅ is a finite set and for i ∈ I, gi ∈ D[x] is primitive and irreducible in
D[x].

Let G be the quintessential graph of (gi | i ∈ I) as in Definition 2.3.
Then f is absolutely irreducible if and only if G is connected.

Proof. In view of Theorem 2, we only need to show necessity. If |I| = 1, then G is
connected. Now assume |I| > 1, and suppose G is not connected. We show that f
is not absolutely irreducible. If f is not even irreducible, we are done. So suppose
f is irreducible. This implies gi 6∼ gj in D[x] for i 6= j, by Remark 3.1. Since G is
not connected, I is a disjoint union of J1 and J2, both non-empty, such that there
is no edge (i, j) with i ∈ J1 and j ∈ J2.
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We express T as a disjoint union of T1 and T2 by assigning every p ∈ T for
which some gi ∈ J1 is quintessential to T1, every p ∈ T for which some gi ∈ J2 is
quintessential to T2, and assigning each p ∈ T for which no gi is quintessential to
T1 or T2 arbitrarily. (It may happen that T1 = ∅ and T2 = T or vice versa).

Then f3 factors in Int(D) as follows:

f3 =
(∏

i∈J1
gi
)2∏

j∈J2
gj(∏

p∈T1
p
)2∏

q∈T2
q
·

(∏
j∈J2

gj

)2∏
i∈J1

gi(∏
q∈T2

q
)2∏

p∈T1
p
.

As Int(D) is atomic (cf. [3]), each of the two factors above can further be factored
into irreducibles. Since J1 and J2 are both non-empty and gi 6∼ gj in D[x] (and
hence, gi 6∼ gj in K[x]) for i 6= j, it is clear that the resulting factorization of f3

into irreducibles is essentially different from f · f · f . �

Remark 3.2. Let D be a principal ideal domain. The proof of Theorem 3 shows
that any non-absolutely irreducible element f ∈ Int(D) with square-free denomi-
nator exhibits non-unique factorization of fn already for n = 3.

If f(x) =
∏
i∈I gi(x)/p, where D is a principal ideal domain, p a prime of D and

each gi ∈ D[x] primitive and irreducible in D[x], then it is easy to see that f is an
irreducible element of Int(D) if and only if

(i) d(
∏
i∈I gi(x)) = p and

(ii) each gi is essential for p, that is, for each i ∈ I there exists wi ∈ D such
that vp(gi(wi)) > 0 and vp(gj(wi)) = 0 for all j ∈ I \ {i}.

An analogous statement relates absolutely irreducible integer-valued polynomials
with prime denominator to quintessential irreducible factors of the numerator:

Corollary 3.3. Let D be a principal ideal domain, p ∈ D a prime, and I 6= ∅ a
finite set. For i ∈ I, let gi ∈ D[x] be primitive and irreducible in D[x]. Let

f(x) =
∏
i∈I gi(x)
p

.

Then f is an absolutely irreducible element of Int(D) if and only if
(i) d(

∏
i∈I gi(x)) = p and

(ii) each gi is quintessential for p among the gi with i ∈ I, that is, for each
i ∈ I there exists wi ∈ D such that vp(gi(wi)) = 1 and vp(gj(wi)) = 0 for
all j ∈ I \ {i}.

Proof. If d(
∏
i∈I gi(x)) = p, then f ∈ Int(D) with d(f) = 1, and Theorem 3

applies. If, on the other hand, f is in Int(D) and is absolutely irreducible, then
f is, in particular, irreducible and therefore d(f) = 1, and, again, Theorem 3
applies. Now the statement follows from the fact that, whenever d(

∏
i∈I gi(x)) = p

is prime, the quintessential graph of (gi | i ∈ I) is connected if and only if every gi
is quintessential for p. �

We conclude by an example of how to apply Theorem 3:

Example 3.4. The following polynomial f ∈ Int(Z) is irreducible, by Theorem 1;
but not absolutely irreducible, by Theorem 3:

f = (x3 − 19)(x2 + 9)(x2 + 1)(x− 5)
15

This is so because the essential graph of (x3−19, x2 + 9, x2 + 1, x−5) is connected,
but the quintessential graph is not connected, see Example 2.4 and Figure 1.



8 SOPHIE FRISCH AND SARAH NAKATO

References
[1] Paul Baginski and Ross Kravitz. A new characterization of half-factorial Krull monoids. J.

Algebra Appl., 9(5):825–837, 2010.
[2] J. A. Bondy and U. S. R. Murty. Graph theory, volume 244 of Graduate Texts in Mathematics.

Springer, New York, 2008.
[3] Paul-Jean Cahen and Jean-Luc Chabert. Elasticity for integral-valued polynomials. J. Pure

Appl. Algebra, 103(3):303–311, 1995.
[4] Scott T. Chapman and Ulrich Krause. A closer look at non-unique factorization via atomic

decay and strong atoms. In Christopher Francisco, Lee Klingler, Sean Sather-Wagstaff, and
Janet C. Vassilev, editors, Progress in commutative algebra 2 — Closures, Finiteness and
Factorization, pages 301–315. Walter de Gruyter, Berlin, 2012.

[5] Sophie Frisch, Sarah Nakato, and Roswitha Rissner. Sets of lengths of factorizations of integer-
valued polynomials on dedekind domains with finite residue fields. Journal of Algebra, 528:231
– 249, 2019.

[6] Alfred Geroldinger and Franz Halter-Koch. Non-unique factorizations, volume 278 of Pure
and Applied Mathematics (Boca Raton). Chapman & Hall/CRC, Boca Raton, FL, 2006.
Algebraic, combinatorial and analytic theory.

[7] J. Kaczorowski. A pure arithmetical characterization for certain fields with a given class
group. Colloq. Math., 45(2):327–330, 1981.

[8] Sarah Nakato. Non-absolutely irreducible elements in the ring of integer-valued polynomials.
Comm. Algebra, 48(4):1–14, 2020.

[9] Giulio Peruginelli. Factorization of integer-valued polynomials with square-free denominator.
Comm. Algebra, 43(1):197–211, 2015.

[10] David E. Rush. An arithmetic characterization of algebraic number fields with a given class
group. Math. Proc. Cambridge Philos. Soc., 94(1):23–28, 1983.

Institut für Analysis und Zahlentheorie, Graz University of Technology
Kopernikusgasse 24, 8010 Graz, Austria
Email address: frisch@math.tugraz.at

Institut für Analysis und Zahlentheorie, Graz University of Technology
Kopernikusgasse 24, 8010 Graz, Austria
Email address: snakato@tugraz.at

mailto:frisch@math.tugraz.at
mailto:snakato@tugraz.at

	1. Introduction
	2. Graph-theoretic irreducibility criteria
	3. Absolutely irreducible polynomials with square-free denominator
	References

